Answer o3 many questions as you wish, Full marks may be oblained by complete
answers {0 NINE gquestions, provided that no more then STX queations have been
selected from any one pars. All guestions corry egual morks.

FART I NUMBER THEORY

Cuestion 1

(i} Prove by induction that the formula
1+3+6+104---+ %n{n +1] = ;—rr.l[n-}- in+2)

bolds for all integers n > 1.

{ii} Use the Euclidean Algorithm to find the greatest common divisor of 157
and 117. Hence find integers = and 4 such that

ged(157, 117) = 157z 4 117y,

(iii} Suppose that m and n are positive integers such that n has remainder 7 when
divided by 8, and m = 9n + 4. Prove that gedim n) = 1.

Question 2
(i) Prove that there are infinitely many primes of the form 4k + 3.

(it} Prmneth.m:fnra.nyprimepitisnntpmﬂblnimbuthﬂp—landﬂp+lh:rhe
prime.

Question 3

(i) For each of the following statements decide whether or oot it i3 generally
trae. If you believe it to be true, prove it: otherwise Eive a counter-example.
Throughout a, b, k and n are positive integers.

(a) Ife=b{mod n) then k{a + 1) B &b+ 1) (mod n);
(b) if ka = kb {mod n) then a = b (mod n):
{e) Ha®=b (modn) then either & = b (mod =) or a = —b (mod n),

(i} Find the least positive integer = which simultanecusly satisfies all three of the
following linear congruences:

z=1(mod5); 3r=2(mod7); 6z=2 (mod1l).

Question 4
{i) Use Fermat's Little Thearem in showing the following.
(a] 3% 4+ 5% is divisible by 17,

(b} If p iz an odd prime then each of the numbers (p=1)2""1 41 and
(p—2)2"=% & 1 iz divisible by p.

(ii) Use Wilson's Theorem in showing that 13 is the smallest prime which divides
111—1,
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