Question 5

The respective parts of this question are concerned with Euler's phi-function, ¢,
and the sum of the positive divisors function, o. You may assume that each of
these functions i multiplicative.

(i} Prove the formula

¢{n]=nH(I—I;).

Flm

{ii) A positive integer n has the property that n + 3x(n} s divisible by 4. Prove
that:

{a) if n=p® (for some prime p) then p =3 {mod 4);
(b} il n = p*g (for distinct primes p and q) then p=12.

Question &
{i) Determine whether or not the guadratic congruence
223 4 Tz +1=0(mod 1T)
has solutions.
(ii) Ewvaluate the Legendre symbol (—47/73).

(i} Use Gauss's Lemma to show that 2 is a quadratic residue of any prime of the
form Bk + 7.

Question T
{i) The number = has continned fraction
=ik 1,2,2,3.3:4.4.- -

Write down the convergents O, ©1, Ca. Ca, Ca, Oy and Gy of z. Estimate the
accuracy of Cs by obtaining an upper bound for jz — Cs|-

{ii) Determine the irrational pumber which has perindic continued fraction
[0;3,1.2)-

Question &

{i) Given that the continued fraction of /7 is |2, 1,1, 1, 4], determine two solutions
of Pell's equation

£-T=l

{ii} Of the numbers 240, 245 and 270, one can be written as & sum of two squares
whilst the other two cannot. Identify which two cannot be written as the sum
of two squares, justifying your answer, and express the third as a sum of two
ST

(iii] Tse the method of infinite descent to show that the equation
Ii - EF!

has mo solutions in positive integers.
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