Duestion §
An orbit x(t).f > fp, for an autonomous system is Poincaré stable if for every ¢ > 0
there exists a 8¢) such that if
lx(ta) — ¥ita)] <&
then the maxinmm distance betwesn the two half-phase curees O and D, where
C = {x(f).t = L}, D= {y{t).t > &}.
i5 less tha £
On the other hand, for any system, autonomous or not, the orbiv x(f),§ = &, 15
Liapunov stable if for any e > 0 there exists a §{e, &) such that if
[xi(tn) = ¥ita}l < &
then
[x(t) —wit)| <& foralt>ty.
The first obvions difference is that Poincard stability applied only to autonomons
systems. But for autonomons systems Poincaré stability is mech besss restrictive as it
just says that the phase curves remain close, whereas Liapunov stability means that
two phase points which are initially close remain close for aff time: typically orbits
near an asymptotically stable fixed point are Liapunov stable. Also, all Liaprmoy
stable orbits are Poincaré stable, but not vice versa.

For the equation given we can choose, without loss of generalicy, Vi = 0; then
the function V{z) and consequence phase curves look like those shown,
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Pigure 2

The centre at {z, &) = (0, 0) is clearly Liapunov stable. Purther, all other phase
curves are Poincaré stable.

AN arbits are periodic, and in general the periods of an orbit and its neighbournng
arbits are different. Therefore, apart, feom the origin, no orbits are Liapunoy stable.
But, if the periods of all orbits were the same then all orbits would be Liapnnov
stable. The only case when this happens is when 1{x) s quedratic:
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where w s any real number. In this case the period of alf orbits 15 2 fun Note, no

proafs of these statements are given a3 the question did not ask for amy.



