Question 3

(i)

We must show that [T1), {T2] and (T3) are satisfied.

Tl Sinee l g h, eT.
Sinee ECMN, NeT.
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and 1€ V5. Since Vi € Toand 1 € V) it fellows that. B C V. Similarly
ECcW Thuw ECcWnGandse NV eT

T3 Let [Vi)igr be a family of elements of Tand let V¥ = U Vo1V theo

[1¥§
FeT. If1l&V then there exists 7 & [ such that 1€ 1.-';. Eince 1.-"_?- eT
and 1€ V; it follows that & C ;. Hence EC V; C V¥V and sa V€ T.

(i} (a) Put H={n€ N:nisodd} If 4 C ¥, then AU Ec T. Since

(AUBYNH = A, we see that 4 belongs Lo the topology induced on H
by 7. Thus the topology induced on H by Tis the diserete topology.

(b} Put K = {1,1’} and let T; be the topology induced on K by T, Suppose
WeT and 1 € W, Then there exists V © 7 zuch that V¥ K = W.
Since 1 £ Vit follows that E¢C Vandso W =¥ K = K, Since
{2} = {2} K and {2} € T we see that

T ={0 {2}, K}.

Question 4

(i)

(i)

Let V' be open in T5. Then there is & collection (B, )¢y of members of & much
that V = | J B;. Thus

cE g

F o 9 5= (U B'.) _-Uf']{ﬂi:l
gl vl
Since f~!(B;) is open in T} for each 1, it follows that fH{V)isopen in T},

Suppose first that g{5) # g{t) and put W = R - {g{b}}. Then W iz cpen in T
and since gic) € W and g(b) € W, it followsthat ¢ & g=* (W) and b ¢ g~ (W)
But the open zets of T; which contain ¢ are {¥ ¢} and A, Thus g~ (W) is not
open in T;. Hence g:T; — T3 is ot continuous,
Now suppase that g(b) = glc) = £, say. If ¥ is open in T3, then
—iprr o S Porfa} ftgV
g hny= {{&.c} orA iV

Hence g7 [V) e open in Ty, Therefore g: 7Y + Th 15 continwous.

Cuestion 5

(&}

(i

Since N € B, (B1) 10 satisfied.
Ifm,n€ N and m < n then B, N B, = B,,. Thus (B2) is satisfied.
Since (B1) and {B2) are salisfied, 5 is a synthetic basis for N.

U By s open in {MN,T}. But U By, 38 the g=t of odd positive inlegers,

=1 s

Thus
Eo=M — U.Bm
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is cloged in {N, T}



