Question 4
The velocity vector field at time ¢ = 0 for a fuwid is
v = [2ry + )i+ (2° + y* )] + 22zk.

A eclosed path © 15 formed from the straight lines joining © = (0,0.0],
A ={1,0,0), and B = (1,1,0). These lines, in the = = 0 plane, are given as follows:

OAry=landz=a M<a<l)
ABz=ladyg=8 (0B
and O r=y=y (I<ysl).
it} By evaluating a line integral, show that the circulation of v around ' is equal

T e,
{ii}] Show further that the circulation is zero when O is any closed path in the thaid
al Lime &=L

Ouestion 5
The function uiz) satisfies the regular Sturm-Liouville problem
wiizl+ iz =0 [0<z <),
w(0) =0, u{l)+x'{1)=0.
(i Explain carefully, but bricfly, why each eigenvalue of this problem is positive.
{ii} Show that the eigenvalues satisfy the equation
WA+ tan WA = 0,

and by sketching two suitable functions on the same set of axes explain why
the eigenvalues form an infinite set,

Cive the form of the cgenfunclions of the problem.

Chestion 6

Az a result of two waves travelling tn opposite divections along the length of a
narrow lake, & standing wave @8 formed. The height, ¢, of the water surface with
respeect Lo some equilibrivm position may be represented by the function

lxd)= D.?sln{%}ﬂ:m (TI) (D o Lok 20,

where L is the length of the lake, r is the horizontal distance along the lake from

one end, £ is the time and ¢ 8 the wave speed of the travelling waves (all in 51

units}.

(i} Show that {{x,¢] satizfies the wave equation.

(it} What s the maximum vertical displacement [the amplitude) balfway along
the lake, ie: at &= L/27

{iii] The length of the lake iz 500m and its equilibrinm depth is 10m. Use an
appropriate approxunation to find the wave spesd when the wavelength 13

twice the length of the lake and find the period of ceallation of the wase. [You
may take the magnitude of the acceleration due to gravity, g, as 10ms =2 ]
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