Question 10

Plane sound waves propagate in a musical instrument {a pipe) of length £, This
situation can be modelled by the equation
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where u(z,t} is the position at time ¢ of an air particle whese equilibriom position
i5 ©, measured from one end of the instriment, 4(r) is the variable cross-gectional
area of the plpe, and ¢ is the speed of sonnd. The two ends of the instrument are
open o the air so that there are free-end boundary ronditions on v at these two
aqnila.

{1} {a) Use the method of separation of variables to show. clearly, that there are
sofutions of Equation (1) of the form

T o= X [E)
for which Xz} satisfies the Sturm-Liouville problem

XMz + Fle)lX0 2]+ floy + A X(z) =0,
X0 =X'{H =0,

{2}

Crive the expression for f{z] in terms of A{x).

(b} Fiad the eigenvalues and eigenfunctions of the problem given by
Egnations {2} in the case where 4{r) iz & nop-2éro constant. [13]

iti] Apply d"Alembert’s soleiion to the problem of sound waves travelling in an
mfinitely long pipe of constant cross-section, shat is o solving Equation (1] in
the case where A{r] is constant. when a 15 subject to the initial conditions:

du [3}
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B
Show thar the solution to this problem can be written a8 a sum of
standing waves and confem that it satisfies the initial conditions (3).
Explain, brigfly, how you would tackie the problem of finding w{z &} for
waves travelling in o pipe (mosgical imstrument) of finite fength using & mechod
invalving 4’ Alenibert's solution. (5
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Question 11
i) Explain drigfly what von understand by the following:

(&) o fhmd shear siress and compress:belty. using vour explanazions to
distinguish between solids. liguids and gages:

b} the Mugnus effect. ziving at least two examples of where this may he
ohaerved or used in everrday lifs:

iel o Alembert s perrvufor and hiow it-i5 resolvisd:

(d) the incompressibality of o fusd and of o flow, including a brief explanation
of the nature of the volume fow rate of a liquid across asurface 5 enclosing
a velome 7 [23]

{ii) Sketch a graph of the variation of & with & {> 0) where ¢ is the speed of
waves travelling in warer of depth it Use wour graph to explain the refraction
of warer waves as thevy approach a sloping beach, £5]

[END OF QUESTION PAPER]
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