Part I

Answer ALL SIX questions in this part.

The questions i this part are pot all worth the same number of marks.
The number of marks assigned to each question is miven in square brackets.
Part I as a whole carries 40% of the total examination marks.

Question 1

Solve the following problems:

() wiz)+ulz)=0, w(0)=1

(U} wiz)+ufz]l=0, Wfil=1, ulx/F=0;

(iii} 2 u" (=) +zu(z) +u(z) =0 (z>0), u(l)=0, wulz)==nl. [7]

Cuestion 2

A tornado is modelled as follows. It has a core of radiug a rotating at a constant
angular frequency w. Outside the core the motion is that of a vortex of constant
strength 2wk, so that the velocity field modelling the tornado, in cylindrical polar
coordinates with the vertical axis of the {omado as the z-axis, is
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(1) Show that this velocity field satisfies the continuily equation for incompressible
flawe.

(i) Write down the relation between w and & that must be gatizfied for u to be
everywhere continuous.

(i) Let T' = I'(r) be the circulation arcund circles of radius  in planes perpendic-
ular o the z-axis and with centres on thal axis.

[a) Show that owizide the core the motion is irrotational and that the circu-
lation, I', is non-zero and constant,

{b] Show also, by finding expressions for the vorticity and for the circulation
inside the core, that inside the core the vorticity and drculation, T, are
hath non-zeto (for r £ 0). [7]

Ouestion 3

{1) Show that, for any incompressible flow, the volume fow rate across a streamline
15 TECo,

{ii) An incompressible, inviscid fluid flows steadily with uniform speed u along a
horizontal channel of uniform semi-cireular eross-section of radius r.

{a) Express the volume Aow rate, V', in terms of v and r, when the Auid fils
the channel.

(B} Fora given V, show that the relation betwesn the critical spesd v, and
the critical depth hy &5 given by

i o002

wherae A is the cros-sectional area of fluid in the channe] of depth & < 7. [f}
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