Part [

Answer ALL SIX questions in this part.

The questions in this part are ot all worth the same number of marks.
The numnber of marks sssigned Lo sach question is given in square brackets.
Part [ as & whole carries 40% of the lotal sxamination marks.

Question 1

When & thin tobe i dipped inlo & ressrvoir of liquid, the free surface of the Hquid
rises, or Talls, inside the tube. This phenomencn is caused by warface tension,
defined ss force per unit lemgik. Assuming that the beight & of the liquid in the
tube above the reservoir level depends on the denmty p of the liguid, the surface
tensdon 5, the diameter d of the tube, the angle § of contact between the liquid and
the tube and the mﬂ.sm'llu‘l: j-uflh: pcceleration dus io ‘rl.'n'.t]', use the method of
dimensicnal anslysis Lo show that

h=df(£::,l ’

whera f is an undetermined function of two variables.

Question 1
Consider the velociky vecior field
ulr §,2)=—r bainlde. —r dcon ey, (P30, -vrchar)

[or the stendy two-dimensional flow of an incomprensible Buid with respect Lo eylin.
drical polar coordinates.

(i) Write down the eguations sstisfied by the stream fumction for the weloeity
field w. Hence find the stream function $r, &) for this Bow and the equation
of the streamlines.

(1) In particular, find the equation of the streamline which passes through the
poink r= L, # =m0, s =0. Hencs make 8 rough skelch of thin strcamline,
indicating the direction of motisn.

[s]

(s}




Question 3

T

Waler is flowing in an open rectangular bonsootal chaonel st & depth of 2 metzes
abd & speed of 2 ma™). It then fows smoothly down & chide into another open
rectangular borisontsl channsl of the same width whese the depth of waber ia 1
metre. Amuming the water can be modelled as an inviscid incompressible fuid and
ihat the Bow is steady aod irrolational, find the speed of the water in the lower
charnel and the difference in height between the two channel Aooms. You may take
the magnitude g of the acceleration due to gravity sa 10 ms=3.

Question 4
The function u(z, y) satisfics the partial differentinl equation

& iy 5 e
:‘E;‘-,‘ -qwéﬁ +4y’¥" vop =0 (z#0)
The charscteristic coordinates may be chosen Lo be

(=2 and g==

(i) Use the coordinstes { snd § to trandorm the partial differentinl squation to
standard form.

(ii) Hemce find the general seluticn w of the partial diffesentinl equation e & fupe-
tion of = and .

Question b

Determine the first three nos-sero terma of the pawer werien solution sbout 2 = 0
of the diffezential equation

& d
[l—:']ﬁ—ﬂ;ﬂﬁ—y:ﬂ
which satisfies Lhe initial conditions
o) =0 wnd FLo) =1,

State the interval of convergence for the power series solution.
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Quaestion 6

The fallowing equations are used in the linear theory of gravity water waves when
the water is of finite equilibrium depth h:

alg 84

g?+iﬁnn (0<s<h)
i S "
E:'H al =0,
g

E‘- 1’:‘—I=U ats=h,

where ¢ in the velocity potential and g is the magnitude of the scceleration due
ta gravity, In thess equations the channel Aoor is & = 0 asd the undisturbed free
surface i 2 = h with x mensured vertically upwazds,

By considering & solution of the form
2. x.0) = fls) cos(ks — wt),
show that
(i) the frequency w is related to the wave number & by the dispersion relation
w = gk tanh kh;
(i) the relationship between the wave speed ¢ and wavelength 3 is

A 2xh
= ;—; tanh T- [?]




PART 11

Answer THREE questiona in this pari.

Each question carries 20% of the total exsmination marks.
Question T

Consider the Bow of & viscous fuid of constant density p and coefficient of viscosity
# which is bounded by two infinite parallel plapss : = 0 and 2 = . The plane
# = 0ia stationary whereas the plane z = h maoves parailel to itself in the direction
of the z-axis with velocity e}, where ! and a sre positive constants. There is
no applied pressure gradient and the body force dus bo gravity may be neglected,
The fuid flow is modelled by assuming that the velocity field u is independent of
= and y and has no component in the y-direction.

(i) Briefly explain why the shove modelling assumptions are reasonable.
(il) State the boundary conditions on the velocity function u.

{iii} Une the equation of continuity, together with the madelling assumptions and
boundary conditions, Lo show that the velogity feld is u = uyd whers up is 2
function of £ and §.

{iv) Further, use the Navier-Stokes equation to show that (s, ) satisfies the par-
tial differential equation

- _pl.ﬂ'lq "

& -
(¥) By mssuming a solution of the form
uifz, £) = ™™ f{z),
find the veloity field which satisfies the boundary conditions fram part (ii).
{vi} Find the force per unit srea on the fixed plane & = 0 &l time 4 due to the fuid,
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Question 8
(i} Show that the Pourler sine serics for the funciion
flz)=cose
on the inlerval 0 < 2 < x in
T
(ii) Show that the eigenvalue problem
X2} +AX(=z)=0 (0=az<w),
X[0) =0,
X(x)=0
baa sigenvalue A = n?(n = 1,2,3,.. ) and corresponding eigenfunctions
X.(z) = sinns.

(ifi} The equation governing the temperature distribution u(s, t) in mn insulated
bar of length = is given by the diffusion equation

%:hfﬁ (0<=s<ot>0),

where & and i represent distance along the bar and tme respectively and k i
& positive constant. Initially the temperature distribution of the bar is

sz ll=coea (0<2<T)

Al time ¢ = 0 the two ends of the bar wre immersed in blocks of ice and are
thus maintsined at 0°0,

(8] Write down the boundary conditlons ak 2 = 0 and £ = x for the temper-
ature distribution.

(b) Use the method of sepazation of variables to determine the temperature
distribution ula,£) at times ¢ > 0.

Question B
Consider the regular Sturm-Liouville problem defined by the differential squation
2+ 1) —u+du=0 (Dc=<1)
with the boundary conditions
w0} =0 and u(l)=0
(i) State the orthogonality condition whick is satisfied by eigenfunctions of the
problem.
(ii) Find upper and lower bounds for each eigenvalue A, (n=1,2,3,..) of the
problem and bencs show that all the eigenvalues are greater than 5.
(iii} By using the change of variable
== j{i-1),

find the gereral soluticn of the differectial cquation in the case 3> & and
hence solve the eigenvalue problem,
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Question 10
(i} Werify that

#(r.0,2)= (AJ'+ g) condl + O

could be the scalar potential field for Lhe irrctations] flow of an inviscid in-

compressible fuid where r, §, 3 are cylindrical polar coordinates and 4, B, ©

are constants. [s]
(ii) Aniaviscid incompressible fuid flows irrotationally past an infinite solid cylin-

dex whose surface is r = a. At a Inrge distance from the cylinder the velocity of

the Auid is u = Ui, where I7 is & constant. In addition there is & circulation —x

sround the cylinder. Show that the scalar poteatial feld for this problem in

#ir,fz)=U (r + g) coad — ;—‘i. (8]

(iii) lgnoring the effects of gravity, obtain an expression for the pressure distribution
on the surface of the cylinde:. Hence show that the total force per unit length
on the cylinder ia

F=plUxj,
where 5 is the density of the fuid. [




Question 11

(a)

(b)

(1) Discuss briefly the problems of measuring the coefficient of viscosity of a
liquid.

{ii) Describe briefly how a falling-sphere viscometer in used and give one dis-
advantage of this iype of viscometer,

{iii) Describe in a few words the use of & viscometer which involves the flow
of the liguid through & pipe.

] {ii)

The figure shows an aerofoll facing a streaming fAuid at (i) low incidence
and (ii) high incidence. With the aid of suitable disgrams contrast the flow
patterns for & viscous model of these fluid fows. Comment oo the difference
between the lift forcen in each case and suggest what might happen to an aero-
plane with such & high angle of incidence as that in (ii). How might aircraft
designers alleviate the problem of boundary-luyer separation in siluslicns such
as (ii)?
Transverse waveson a light elastic string can be modelled by the one-dimensicnal
wave equation

8y 1 8

3z T A md
Briefly describe the initinl and boundary conditions which are sppropriate for
the solution of this partial diferential equation for
(i} an infinite string,
(1} = finite string.
State ip one or two sentences methods of solution which can be used for
{i) nninfinite string,
(1) & finite string.
Drescribe in a few words what is meant by
(i) o travelling or progressive wave,

(ii) & standing wave.

[END OF QUESTION PAPER]
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