of the action I is constant. The averaged moticn takes place on the slowly
moving #llipse given by the wguation

P+ w(t)q® = Zu(t)l.
“Thus for short times, that is, times comparable to 2 /w(t), the metion is close
to the conservative molion having a ‘frozen” valoe of w.

But on tep of this mean motion thers ane small cscillations in the action [,
which have the same period as the instantanecus ‘frozen’ motion and amplituds
proportional to the rate of changs of w{f), that is, to £.

{i) The period of & linear secillator with Hamiltonian & = %PE + %D‘]Q‘? 1
2w/ a, o if w is slowly halved the period will be slowly doubled.

(il From Equation 2 we see that the amplitude of the motion will be increased
q 5
by & factor of V2.

(it} From Equation 3 we see that the maximusn value of the kinetic energy
will be halved.

{iv) The total energy is the value of the Hamiltonian, H = wl, so it will be
halved, as the value of the action I 1= constant.

Question T

(1)

(i)

This quesiion concerns the rapid perturbations of a free particle by a non-
uniform foree. The general theory of this type of system is dealt with in ['nal 10
Section 10.4; the general Hamiltonian considered is defined in Equation 10.27
{page 114}, and in bhis case

fla} = Fae™%.

If the applied frequency, £, is large, in the sense that during one cacillation of
the field the position of the unperturbed particle changes little, we may assurmne
that the perturbed motion comprises two terims. Ope term, bhe mean mo-
tion, is stowly varying, having the lacal character of the unperturbed motion,
though its global behaviour may be quite different. The other term COMpTISES
rapid cecillations of small amplitude. In erder to derive the mean motion we
make a time-dependent cancnical transformation, Equaticns 10.28 and 10.20
of Tnit 10, to a coordinate system which models this behaviour locally, as it
s derived from a good local approximation, and average the resulting [exact)
Hamiltonian over one period of the perturbing force.

If (2, P} are the mean motion cocrdinates, the mean motion Hamiltonian is
given in Exercise 10.13, Equaticn 10.34; in this case we obiain
(@, P)= 55 + B8 (1—2¢%) 2T {4}
' 2m  Amil
sinee
£1Q) = (1 - 2099
The effective potential 15 proportional to the function

gl@) = (1-2Q%) e
This funclion tends to zerc as Q@ — Hoo; it i= & positive, even, continucus
function so has a local maximurm at {3} = 0. The stationary points are at the
rooks of

a
£(@) = 49297 - 3){1 —207)e % =0
which are % = 1/2, which are also the zeros of gl@), @ =10 and Q% =3/2,
which must be local maxima. Since
gl0) = 1> g (/372) = 477,
the maxmum in the effective potential at the origin is higher than the maxima

at ©F = 3/2. The sketch of the effective potential in Figure 5 shows ke
[eatures.



