M S221 — 2004 Solutions

on.1(@u=0
u,=4"@- in) (M=012.)
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Qn.2 (a) egn.is x_ ¥ =1
36 9
which isahyperbolain standard form.

(b) (i) €=1+9/36 =5/4 s0 e = V5
2
(ii) Foci are (+ 3V/5,0)
(iii) asymptotes are y = + x/2,
points of intersection are (6,0) and (-6,0).

on3 @tzs (b) (x+11,y-7)
© (y+5=2(x-7)+3,
thatis y =2x- 16

Qn.4 (a) §nA:§,cosA:2/3 (b) 4—\96

On.5 (a) 126 (b) -489888

on.6 (a) A=26 - 32 =& - 12
-8 44 2 25
(b) Determinant of A= 0, lineisy=-4x/3
(© A - 19’_666 - 3'2':6614 - 7'2'
> 2588 4584 25
(d) aflattening onto the line y=-2x/7

Qn.7 (a) eigenvalues are 3 and 4.
(b) D=2 0'2' p=2l 3'9'
0 45 -1 - 24
(n.b. the above answer is not unique, another
possibility is
D:aé' 09 P:&3 - 19 )

0 35 -2 1y

Qn.8 (a) is correct. (b) iswrong because for
+ve e-values, points are on the same side of the
line as Xq.

(c) iswrong because distances along the
line are in geometric progression. (see aso
p.63 in Handbook).

ong (@ ¢ W%&

e (4cosx +sinX
cos® X

0On.10 (a) f(1/2)=1/2-In(1/2) <0;f(1)=1>0
so f(X) = O hasasolution in (0,1)

b)) f()=1+21,hencex-f((X)/f (X)=
X
_ X(x+Inx) _ x(1- Inx)

1+X 1+x
from which the N-Raphson formulafollows.

0.6(1- In0.6) _g a7
16

(©

On.11 (a) Integra = 2972(x+3)- C‘)’Ze%dx
:Zeyz(x+3)- 4ey2+c:2e%(x+l)+c

(b) u=Inx ; du/dx= 1/x;
1=~ du

= arctanu = arctan(Inx) + ¢
+y?

on.12 (a) 1- %x+§x2 - %x3
3 4
(b) 2 x°- £X

(© 0.000008 i 0.00000016

24 16
to 2 sf.

=3.2"10"

0on.13 (a) \/74, 7 +5i

(b) 3+2! _11+29i
7-5i 74
on.14 (@9

(b) any even number in 0,..12

0n.15 (a) {ro,rp,qo,q%} ={I,H,X,Y} say
(b) | HXY
T 1T HX
HIHI Y
X | X

<—
I X<

I
Y|Y XHI

(c) group isisomorphic to the group of

symmetries of the rectangle because the same

reflections and rotation restore a rectangle to

its original position (or alternatively because

all the four elements are self-inverse).

0n.16 Add (n+1)? to the given r.h.side, then
factorise out (n+1) to give
1/6 (n+1) [n(2n+1)+6(n+1)]

The expression in the square bracketsis
2n’*+7n+6 which factorises to (n+2)(2n+3), so
the new sum is 1/6(n+1)(n+2)(2n+3) whichis
the‘n+1’ form.

1/6(1.2.3) = 1% so result is true for
n=1. Thereforeit istruefor all n.



Qn.17 (a) Complete the squares:
4(x + 5)*+ 9(y - 1)>= 36 and divide by 36.

(b) ts1 e=_[1- 4 :ﬁ
9 3

(c) ae=./5 sofoci are (- 5+/5,0)

(d) Directricesare y - .54 9

G

d
axes of symmetry (dotted) arex =-5,y=1

(f) x=3cost-5;y=2sint+1

On.18 (&) (i) Solveg(x)=0
where g(x) = x* + 2.5x to give
fixed points 0 and -2.5
(i) f(x)=2x+35
forx=0 |f'(x)|>1
forx=-25 |f'(X)|>1
s0 both fixed points are repelling

(b) (i) f(F(X)) = (x* + 3.5x)? + 3.5(x> + 3.5x)
= x*+ 7x° + 15.75x% + 12.25x

(i) f(F(X)) - x =x(x + 2.5)(x + 3)(x + 1.5)
roots -3 and -1.5 are not fixed points of f(x)
and so must form a 2-cycle of f(x).

f'(-3) =-2.5, f'(-1.5) = +0.5

0 |f'(-3).f'(-1.5) | > 1, so 2-cycleis
repelling.
(c) (i) fixed point is reached exactly after one

iteration.
(ii) long term behaviour is a4-cycle.

0Qn.19 (@) (i) Useeither

2 du X
Uu=+49+x- (== )
dx 9+x°

oru=9+x* (& = 2x) and result follows.

(i) dx = Qdu=5- 3=2

(b) (i) integration by parts with f(x)=x* and
g'()=cos(2)) : | =1x*sin2x- ()sin2xdx
from which result follows.

(ii) Vol. of revolution =

6pxzsin2xdx = %6x2(1- c0S2xX)dx
= 26x2dx- 1
3
?
gxax=C0 and [1f=- 0

2
sovolume =" _P° =1377t02dp.
6 4

0on.20 (@) 30=119+11
19=111+ 8
11=18 + 3
8=23+2
3=12+1

Thisis an equation containing 1 so work
backwards:
1=3-1.2
=3-1(8-2.3) =-1.8+3.3
=-18+3(11-1.8) =3.11-4.38
=311-4.(19-111)=-419+7.11
=-4.19+7.(30- 1.19)
=-11.19 in modulo 30 arithmetic
= 19.19
soinverse of 19isitself.

(b) 31 isaprime number, 19 is coprime with
30, and 30 exceeds the number of lettersin the
aphabet.

(©) 28"=19(mod 31)
13%=21(mod 31)

12%°= 3(mod 31)

5= 5(mod 31)

s0 message is SUCCESS.

There are many 'short-cut' ways to obtain the
deciphered values. One suggestion using
k'.k*=k"?is:

power = 1 2 4 8 16 18 19

28 | -3 9 -12 -11 -3 4 19
13 113 14 10 7 18 4 21
12 |12 -11 -3 9 -12 8 3
5 5-6 5 -6 5 1 5



