(b} (1) Toapply Wecrstrass® Theoremn, we need to show that the serics defining
[ s uniformly convergent on each closed disc in 0 = {=:|z| < 1}.

el £ = {: vzl = orhy whers 0<or < 1, and pub @ iz =2"fn, ko 1M for approach
n=1,2-% ... Then using Af-Lost

6021 < ’; <r®,  formn=1273 ..,

a0 that Azsumption | of the W.test holds with A, = 7", Also 1M for Assamplion 1
E M, = E i convergent (since T <2 1), 1M for Assamplion 2
rim] n=l

o

and =0 Asmumplion 2 also holds. Thus, by the M-test, z Pz 15 1M for M-test

n=1

uniformly convergent on £, and so on each closed disc in {2 : || < L}

Therefore, by Weierstrass' Theorem, f is analytic on {z ! |z] < 1}, and its 1M for correct

derivative can be oblained from term by ferm differentiation: appheation
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=] aml
(i) The function g{z) = — Log(l —z) isanalyticon C={zr € Rz > 1] and 1A
ity Taylor series about 0 iz
=z  f=zF
== {=z) -t A .. IM, 1A
g(=) ('[ Y=y 3
gE g
=:+E+?+”' for |z < 1.
Therelore g agrees with f on {z:|z] < 1}, and 50 ¢ 8 & direct analytic 1M

conbtinuation of f.
() T'he function
hiz) =—Log(l =) (|z- 3 <1) 1A

i3 & direct analytic continuabion of g, bul not of §F, so it 15 an indircct
analylic continualion of f.

Chaestion 12
ia) (i) False. The analytic function f{z) = 2 is not conformal at 0, sinee
i) =0 1A, 1M

[it] False. The extended line {2 ilmz = 0] U {o0] i a generalized eirele, but L, 1hd
it does nol lie in O

(ii) True. A linear function is of Lhe form 1A, 1M
fzl =az + &,

where a 2 (), and this Lakes the form of a Mobius transformation:

_az4b
it ex +d'
where e =0 d =1 and ad —de = a £ 10
ib) (i} The extended Mobins transformation corresponding to 1M
=z FiJf{=z 4 {),
maps —=¢ b 0, 0 to 1 and § to so. . Also R hasz a righl-angled . corner 1M
at —i and so the image of &R has a nght-angled corner at (. Using M
Lhe preservation of boundary orientation, we find thal the image of R is i
Ry ={zn Rez 5>0,Imz; >0} 2
{ii) The mapping 72 = 7] squares the modulus and doubles the argurment, so
the image of By iz L
Kz =4z lmz = 0], kA



