CQuestion 10

(i) Since 7° = a (mod p), it ©llows from Buler's criterion [Theorem 9.2) that

a'*~12 w1 (mod p). 1
If £ = % o' {mod p), then
2 = p PPN = IR Gle—D = oF = g (mod ) 3

the last step following from Fermat's theorem.

iii} {(a) Since 19 and 43 are prime numbers congruent to 3 (mod 4), we can use
part {i}. The solutions to £° = —2 (mod 19) are £ = + (mod 19) — that
iz, & =6 or 13 (moad 19, 2

The solutions to = = -2 {mod 43} are £ = % 2" {mod 43) — that is,
= 16 or 27 (mod 43). a

(b} We use the Chinese Remainder Theorem for simulataneous congruences. 1

[Totad: 10 marks]

Duestion 11
(i) Sinee (r|p) = (p — rip), we have 1
S Z T E {p—rl '
(v[p=1 ir|plee]
Thus25= ¥ p=plp~-1}2 2
[rip)=1
So 8 = plp— ;J,-‘-i-
fi} 3 +3(rdp) = 3 _(p—rP(rlp) 1

=" 3 Ulp) =80 Y rirle) 4 33 rliele) — 3 # e, !
But z{rb:-] =i, i
and 3 rirlp) = 3 ip - rivte) = p ¥ _(rlp) - 3 rivlp),
56 S rirlp) = 0.

So 2 Zr3[f~|p} = 3p Z #irlp), and the result follows, I
[Total: 160 marks]

Duestion 12

Your account should include most of the following:

(i} the definition of a Dirchlet character mod &;

(i) the distinetion hetwesn the principal chameter and non-principal characters:
(1] the number of Dhirichlet characters mod &;

(iv) the multiplicative and periodic properties of Dirichlet characters;

[v) the orthogomality refation [Theorem 6.16);

(¥i} the non-vanishing of L{1, ¥) for real nonprincipal 3

[vii) asveaptotic formulas involving Dirichbet characters;

{viii) mention of the use of Dirichlet characters in the proof of Dirchbet's theorem
on primes in arithmetic progresions.
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