M248 Exam Solutions 2004

The following solutions have been created by Chris Fredericks and Judith White (M 248 students 2005).
The answers have been designed to aid revision, are by no means definitive, and may contain errors.
Part |

Question 1.

10102x1000
3450(

= 293(to the nearest whole number)

(b) Method 1: “All public schools” — “Nursery amqdimary”
Method 2: “Comp” + “Grammar” + “Modern” +Other”

(c) Method 1: 9507 — 5952 = 3555 (in thousands)
Method 2: 1313 + 673 + 1164 + 403 = 3553 pusands)

The discrepancy is due to rounding errors. Methigimore likely to be accurate as it involves dew
data values and hence less rounding has taken place

(d)
Year 1970/71 1980/81 1990/91 1994/95 2000/0L 2@01/0
ﬁﬁ.'of?l 3555 4546 3473 3655 3917 3949
(1000s)
(e)

Single diagram of a line plot needs to be prodgteniving;
e Total number of pupils at public sector secondahosls

e Comp

e Grammar
 Modern

e Other

for the years stated.

(NB, Ensure that the key used is clear and thahxies are labeled. Since the periods are ndi@bame
length, concentrate more on the overall pattethgerahan scale)

(H Significant increase in the total number of fgiat public sector secondary schools from 1976/01
1980/01 (3,555,000 — 4,546,000). In 1990/91, tmalrer of pupils is approximately the same as that
in 1970.01 again. From 1990/01 — 2001/02 the totatber of pupils increases steadily again.

(9) The number of pupils in comprehensive schoalsihcreased significantly, whilst the number of
pupils in the three types of other schools has Iglo\ecreased.



Question 2.
() Left-skew

(b) No. For left-skew data, the mean is less thammedian, but the question states that the n8&6)(is
greater than the median (approx 36).

(NB, this type of question ALWAYS comes up, so amat® your HB accordingly)

Question 3.

Median = 10.5
Upper Quartile = 21
Question 4.

lllustrates a positive relationship, with longerwegperiods associated with higher waves. Appearsdy
linear but with much scatter.

Question 5.
(a) 196/639 = 0.3067
(b) 128/232 =0.5517

(c) 236/443 = 0.5327



Part |l
Question 6.

The mean and standard deviation of an exponernstillition are both equal toXl/ Since the mean is 7.2
and the standard deviation is 2.9, the model waotde suitable.

(NB, Remember that you were given the sample madraiance, so need to adjust the data accordingly)
Question 7.

E(X)=2x05+3x04+4%x01= 26

V(X) = (22 x 05+3? x 04+ 42 x01) - 267 = 044

Question 8.

B(6,0.4) has mean 6 x 0.4 = 2.4
B(6,0.6) has mean 6 x 0.6 = 3.6

Figure 3(a) is symmetric about x=2.6, so this repnés B(6,0.4), and by deduction, figure 3(b) i§,86).
(NB, a largeip gives a smaller probability of small values aridrger probability of large values.)
Question 9.
(@) E(U)=E(2X)=2E(X)=2x3=6 For a Poissostdbution, ps*

V(U) = V(2X) = 22V(X) = 4V(X) =4 x 3 =12

(b)
V(W)=V(2X)+V(Y)=V(U)+V(Y)= 12+5=17

Question 10.

@@ 1-e%% 0

(b)
PLO<t<20) = F (20) - F (10)
- (1_ e—0.05><20) _ (1_ e—0.05<10)
= 0.6321-0.3935

=0.2386
(c)
F(doge) =1- e %% = 099

so; e %% = 001

In(00
hence; g9 = %

= 92.10¢

Hence, 1% of intervals between arrivals are agprately longer than 92 seconds.



Question 11.
Z p(x) #1 and p(X) <0 whenx =4

Question 12.

(@)

(b)

10\1%57
P(Xzs)z[eja 5

P(X =3)=0.155

(©)

(d)

(i)
T, = N(nu,no?)
T, = N(560480

(ii)

600-560

P(T,, > 600 = P(z>——rn—v

(Tao 0 ( \/@ )
~ P(z> 183
=1-0.9664

=0.033¢



Part Il

Question 13.
(a)
Ais X = Poisson(6)

BisT=M (%} (i.e. exponential)
Cis X = B(ZO,i]
10
Dis X = G(i] (i.e. geometric)
10)

(b)

E could be Poisson(). Amount of money roundedigorete values. Range starts at zero and is
unbounded.

F could be Poisson(u). Distribution is discretd aments occur at random. It has an unboundecrang
{0,1,2,3,...}; one mode, which can take any valuehimtthe range (depending on the value of the
parameter 1). Could equally be Exponential, ingtlaing right-skew.

Question 14.

1

6= f(u), wheref (1) =————.
(1), wheref (1) 000354

Hence, f is a decreasing function.

So,
©.,6%) =(f (), f(u))
= (34033817)

Question 15.

(u,u") = (it T]

=4150%+1.960x ——— 2618
78

= (39.69,4331)



Question 16.

(@)
(d_,d+) :[C’l‘iz\/ f)l(l_ f)l) + f)z(l_ 62)]
n n
p, =%
d=p, - P, =L =0.2530

(d~,d*) = (0.080,0.426)

(b)

In percentage terms, a plausible range of valuetée05% confidence level) stretches from 8% to
about 43%. The plausible range does not include @eany negative values: we conclude that the
proportion of children with dental caries in theamwith fluoridated water is lower.



Part IV

Question 17.
(a)
10
Pl z=21.645- ———— |=1.645- 2236
20
20
P(z=-0591)
= 0.7224
(b)
Power is quite high (72%), so the psychologisteedare has a reasonably good chance of finding the
true mean.
Question 18.
(a)
Advantage:

Makes some use of the size of the differences. eNdowerful test.

Disadvantage:
Must assume that differences are modeled by a syriendéstribution. Null distribution of test is
found by assuming that absolute differences wiplaricular rank is just as likely to be associatéith

a positive difference as a negative difference.

(NB, Perhaps worth making a few notes in the HBdeantages and disadvantages on non-parametric

tests)
(b)
0}
g, ="+ _ 765
v, =@+l 605
24
(if)
w, —E(W,)
z=—
DW,)
_1195-765_ .

V44625

P(Z < 2.036) =1- ®(204) = 0.0207

Since this is a two-sided test, the required pe#0.041. Therefore, there is weak evidencenagai
Ho (the null hypothesis). We can assume that thellptipn mediamm is equal to zero.



Question 19.

[ O E Oi-E (Oi—E)Y E
A 40 30 10 3.33
B 6 15 -9 5.40
C 14 15 -1 0.07

5O "E) _g797
E
X'(k-p-D=2
Using tables fog%(2), 0.01<p<0.025

Therefore, there is moderate evidence againstuhelistribution, which may suggest that the
ecological theory is not a great model for the data

Question 20.

If you look at a particular quantile of the t-dibtrtion, the values decrease as the degrees afonee
increase, but (and this is the crucial bit) they @ways larger than the value of the correspondiraptile
of the standard normal distribution (the z-quajtildence, a z-distribution will always be shorter.

Question 21.

» Difference between proportions (A minus B) 0.088hv05% CI (-0.078,0.243).
e 31 hospitalized in group A, 24 in group B.
e Calculated approximate p value, p=0.31.




Part V

Question22.
(a)
i - 12962°° p°
L(p)=(eP)Px(e?r)x| ==2F P
(0= (e f e 20

54  _
L(p)=F pe™

(b)
Approximate position off) is at the peak of the curve. Hence the approxivalige of f) is 0.55.

(NB, The precise value can be found using calculesby differentiating L(p)and solving for p tetg
6/11)

Question 23.

(@)

Exponential, M) s /i=

><|| [

so MLE of\ is 30/77%0.3896

(b)

The estimator is biased far

Question 24.

For a general random sample of size n, from a dionl with unknown mea#, the least squares estimate
of 0 is the value@ that minimises,

> (% —6)

=

SO

6=1yx =%
nio

Hence,

A

£=0.1325



Question 25.

Plot shows no particular pattern, and points seebetrandomly scattered around zero. Therefoee, th
assumption of zero mean and constant variance.holds

Alternatively;

There is a bit of a pattern if you consider thenpat (48.85, -7ish) as an outlier: small valueghaegative
residuals, medium values have positive residualdange values have negative residuals, so it coeld
argued that there is a pattern and so a curve goaldde a better fit to the data than a straigte. |

(NB, Making a case for either argument with godstification would probably get you the mark)

Question 26.

(NB, Any graph showing points monotonically deciegsn a curved fashion so thatR-1 and R> -1
hold)

Question 27.

(@)

Scatterplot displays a clear upward trend (positiveelation). A straight line could be fitted aus the
scatterplot quite well (i.e. it is linear) and heritting a linear regression model would be adégf@r the
data.

(b)

The slope paramet@rof the linear regression model represents theageenumber of tuna caught (in
thousands of tonnes) per hooks used (in 100 md)ion

(©)

A 100 million increase in hooks used correspondmtincrease in the catch of 14.27 thousand tonhat,

is .



(d)

(Use HB Unit D2:10)

=2851+ 2.83]:/17.286\/M +i t (21) for 0.995 is 2.831
2343 23

~ 2851+ 3.3488

= (25163186

(e)

If a large number of samples of size n, were drangdependently from the population, and a 99% CI
calculated on each occasion, then approximately 88t#tese intervals would contain the true meahatT
is for every 100 million hooks used the mean nundféuna caught would 99% of the time lie in the
interval (25.16, 31.86)



