Cuestion G

(i)

{id)

Try Co % Ca, Cg w Ty .. fior ideas.

Seemns plassible, s toy to prove i,

(i11) Aha! Did this in Limef 12

Direct prodocts always bave normal
subgroups isomorphic 1o (ose you
first thought of, 50 unless either of
thesie 8 trivial we're homes, Take an
sy example

Duestion 7

(i)

{ii}

() Must use the definition of
alpebraic. What is cos7/47

1/+Z, 50 Qlcosm/4) is Q(1/v/2).

i) n seems unlikely to be algebraic
over Q! If it wore, we'd] get a
pilyoomial equation for T,

These aee finite cxtensions, so lest for

being splitting fields.

{a} K containg o zero for ol
o, since i85 o guaddratic,
i 4+t 4 factorizes complebely
over I,

() +2isazeroof i¥ =2, urreducible
but not all zeros in Qf 2, V7).

[¢) Splitting field for
(17 — 21 — 7.

Duestion 8

(i)

{ii}

What is & (a7 The smallest subfield
such Lhat ...

Could try to find the minpol of o in
terms of the minpol of o, but it gets
me=ay. Eazier to ase finite imiplies
algebraic’.

Thizs is not troe.
For example, take H = K = 4.
Then (3 = Ca % Cx = W, which i= not cyclic. becanse it contains noe
elements of order 4
This iz troe,
Tyvpical elements of & are (k, £} and (A &), where o, &' € H and
kk'e K.
(R EIA K = (B RE)
= (h'h, K'k) because H and K are abelian
= (k' K"}h, K).
Thus & is abedian.
This iz not true

For example, take H = K = Cy. Then H and K are hoth simple,
but (7 (% V) is not simple becanse it has normal subgronps of
order 2.

Since cosm/4 = 1/ 2 and (1/+/2)F — 1/2 = 0, we have that cos =4
iz o #ero of the polynomial 2 = 1/2 over @ Qieosx/4):Q is
algrbraic.

I = were a zero of f{£) € QIY], then f{x?) = 0. Thas ¥ would be
a zero of glt) = f{*).

Since = 8 transcendental over Q, Q{77) : Q i nat algebraic.

K eontans a sero of 2 4+t 44 Thus ¢ + 1 + 4 factorizes into
linear factors over K, Now K is-a splitting field for ¢ 4+ ¢ + 4 over
Zroand g0 K : Zy b5 nortmal,

t' —2 has a gero in Q[ V2, v/7) but since HIEVHCR T2
does not split over 0 3 v"f} Cimee £ — 2 iz irreducible over G,
the extension G W2, 4T} : Q i not normal,

Since Q(VZVT.w) B a splitting field for (¢ — 2) - 7),
Qf V2. +/7.w) : Q i normal.

Sinee K © Ko and o® € K{a), Ko} is, by definition, the small-
est subfield of K{a) which containg K and . In particular,
Kl ) W)
Since K C Ko™ © K(a), we have

[ (o) K] < [Kia): K]
But [K{a): £ is the degree of the minimum polynomial of o over
K, which is n. So K(a®): K is finite, and hence algebraic, by
Lemma 4.4, In particular, o is algebraic over K



