{iii) Always try the Dhegree Theorom,

{iv]

And remember that degrees of
minpols give degrees of simple
extensions. It's tempting to think
that [K{a) : K{o?)] must be 2, s0 how
can © be odd?

By [iii], n must be even. Take the
simplesl case, n=2 — no good,
becanze then = Koo Kin). S0 try
=4

Lnestion B

(i)

(i)

We've done lots of examples like this
13 & question of proviog that the
four ehvious aulomorphizms really are
antomorphizsms, and that there are no
IO

The name x i5 b0 save writing,

The answors are quite stradghtforwand,
bt remember that ‘hnd’ means some

working has o be shown,

Don't forget the bottom aod the top!

Since o & Ke?), a is & zero of the polynomial £ = o over K{a®).
Lt m be the minimum polynomial of o over K{o®), Then dm = 1
o2,

By the Degres Theorem,
n= Kol - K] = [K{a) s Kio®)|[K{a): K)
= dim x [ (o) : K]

and so o divides n. But ® is odd, so &m cannot be 2, 50 dm = 1,
Thus [Kia) : K{a®)] =1, and 80 Klo) = K{od),

Let o = 2. The minimum polynomial of o over Q is £ — 2, 50
=4 anil [Ql:_ﬂ'] :Q] =4. But o = % and I_u[-..-"E] :Q] =2 80
Q is a proper subset of Q(v2) and Q(v2] is a proper subset of

Qf ¥2).

Qiv'5) R, 50 1 ¢ Q(+/3), 5o 1 has minimum polynomial 2 + 1
UvEr ﬂ(m‘%}, the other zero of this 5 — By the Avtomorplism
Thearem, there i5 a QS l-antomorphism o of @5, ) such that
Tt = =4,
The standard element of Q(+/5,1) is

r=a+t'5+ei+dvs (abede Q)
and o maps ¥ to

a + by's = i = dw'Be.
Sinee Q5] 3£ Q5. 1), we alzo know that +5 ¢ Q(i), =0 a sim-
ilar argument gives a Qi l-automorphism 7 of @5, 1) such that
5 = —/5. Now riz) = a— b5 4+ 2 = dv5i. Since o and
bodh fix every element of €, they are in €7 thus sois their prodoct
o7, and

ariz) = a — b5 = + dv'5i,
G always containg Uhe identity id, and éd{x) = .

Each element of & is determined by its effect on @ and on 5. But
ench of these must map tooa sero of their own minimm polyeomial
over €. There are 2 zeroz in each case, so there are at most 2 2 2 =
4 Q-antomorphizms of Q[-..-"'ﬁ, i} We have found 4, 20 there wre no
more, This

&= {id, o 107}

If e} = x then

ei + dvBi = —ci — dy/Bi
g0y 2ot r.[».,"'gz' = piving o =d = (. Henee

id. o) = [+ b5 0, b€ Q)

= Q(v/5).

Similarly, {&d, 7}7 = Qi)
The other non-trivial proper subgroup of & is {ed, o7}
If eriz) = 2 then

Wi +o=-—bE—a
go b= ¢ = 0. Hence

fid, v} = {a + dvTi a.d e Q}

= QU /51),

11 = Q{/5, 1), hecanse the identity fixes everything,

If £ € G then ofx) = # and 7z) =z, 50 z€ QTN Q) = Q.
But QC G0 Gt =0Q.
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