Chestion 2

(1]
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What do [ have to do .. followr basic
stratogy for ideals. Closure wonder 4
closure under additive mverses,
possessing zero, closure under
arbitrary multiplication.

Slight difficulty over eloments.
Element of BN i=r4+ N forr e R,
Elemont of £/ sz + N forze 1.
Each step needs the definition of T/N,
properiies of the ideal T,

What have fields to do with ideals?
Fields have only trivial ideals so
there's the germ of a contradiction
arpument here,

Cheestion 3
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Basie strategy called for: closure
under -, oo, closare onder sealar
multiplication.

Mearly forgot the subeaet requiretent
- .. bad trap to fall into.

Messd Lo prove spanning and linear
independrnce.

Mol Lo prove spanning and linear
independence. Spanning 1= OV
beerznse of defintion of W, hue
independence looks harder

Try a ‘first principles approach,

Omn the face of it we have
i=¢""—n— k2) which would malke
: real .. but we'd better look at the
possibility e = 0.

Drzal with ¢ 7 (0, ¢ = () separately.

Closure under 4+ Suppose x4 M, y+'N ¢ I/ then
e+ N+ ilg+N=(z+u)+ N
(hy definition of coset addition},
Bt m g €T 5o [+ ) € Dadnce [ iz an ideal. Hencs
(x+u)+ N e fN.
Adddtive muverses: Suppose o+ N & T/N; then
—fz+N)= (-] + N
Butxe I so=xel sol—xl+NelIN.
Zerp Since I is an ideal, 0 € I. Hence 04+ N =N e I/N. So N
i the wero of £/, and J/N does contain the zero of BFAN,

Arbitrary multiplicolion Suppose ©4 N 2 TN and r+ N E
RiN. Then {r+ Nir+ N)={zrj+N. Bt € {, re R so
ar £ I because Tis an bleal. Thus [#0) + N & II."N. Sinee I is
commutative, 5o is BN, and bonee {r+ Ne+ Nye TN,
Suppose not: that i, suppose J # R T # N. Then T/N i an ideal
of BfN.

Because I £ B, there iz some coset v+ N not in £V, s0 PN #
R/N. Becagse I # N, there is a coset 2+ N # N in J/N. Hence
I/N i non-trivial and not the whole ring f£/N. Dut this contra-
dicts Theorem 2.4.3. that the only ideals of the field BN are RSN
anil the zero ideal. Thus either I = N or [ = B

Sinoe the elements of W oare of the form of those in K with d = (0,
we have W2 K.
if a4+ b2 et g+ T+ e W, then
(o + 62 + i) 4+ (0 + 03 +¢4)
=fa+a)+B+EWTH{c+eNEeW
becasise Q iz closed under addition, so
a+a bbb et EQ.
Sinee 0 € Q, 0+ 02 +0i =0 € W, so W contains the zero of K,
Ha+by2+cieWand de@Q, then
Ma+ 52 4 i) = (Aa) + (A2 + (Acli e W
brecause @ 15 closed ooder multiplication. Hepee W i3 & vector
subspace of &
11,42} spans 1 by the definition of the elements of 1 as linear
combinations of 1. 2 over Q.

Suppose @ + 2 = 0. This means that 2 5 rational unless
a=h=10. Sinee 27 iz ireational, we obtain & = & = . Thos
i, ».,""‘.._E} is 21 linearly fndependent spanning set, henee & basis for V',

£1,+/2.i} spans W by the definition of the elements of 1 as lnear
combinations of 1, +/2,  over Q

Suppixst @ & by 4 cd =0 foor i, b, Q. & £ 0 then

i=c Y=u —.fh.."ri}
which forces ¢ € B contradiction.
Thus ¢ = 0,

Then i + by'3 = 0. In part (i) we showed that this implies that
a=b=10. Thus {1, v2, i} is & lincarly independent spanning set,
hence a hasis.



