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What's the problem? o ==t
Certainly ol : L — M. S0 we™ve &
Io-monoanorphizone & — & Lot £ &
is normal. 10.4 looks relevant, buat
doesn't give the whole story.

Must, proans the homomorphism
property: (ov)|y = o|pr. Why (1)7
To ensure ofy, can compose with 7y.

Bernel? I dier) i the identity, then
|y 1% the identity map on L, ie o),
foes L.

That means & is an L-antomorplism
of A,

Containment both ways.

Izomorphism Theorem.

For t]_mi we netd an intermediate Gelid.
Q[ 2) looks posgible,

Ouestion 11
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Must put in adl cube roots of 7, and
e plain why this includes putting in
all eube rootz of 1.

Split the extension into bwo simple

e Qe ) s 0 and O, o) @ Qe

Tempting to try % — | as the minpol,
Ivind it's divisible by £ = 1.

Since, by definition, ol : L — M and L: K & normal, we may
apply Theorem 105 with o = . Thus ol s & K-automorphism
of L.

Let o7 & (M - /). Since o|p and 7|y are K-antomorphisms of L.
by part (1], o) 7]|e i defned.
Let o € L; then
Lol vl lx) = ale =)}
= {orr)ix)
= (oL lz).

Heooe (or)le = oloro, e @lor) = $laldir), and & iz a proup
bomomarphism

If oy i® the identity, then o fixes L. Hence
a € DIM < L),

Comversely, if o € I(M 1 L), then o fixes L and 80 2| is the identity.
Thuz Keeld) =T{ M : L)

Imig) iz a subgronp of T'(L: K and, by the First somorphism
Theorenm, Tmld) 2 DM K} TIM L), Thos T(M . K} TIM: L]
15 isomorphic to & subgroap of L K.

Consider M = Q(¥2), L = Q(+v2), K =8Q. Sinee M contains
exactly two zeros of 1 — 2. T(M: Q) =Cy. Bt (M L) =C,
boecanse o 2 UM - K defined by

o ¥2) = (-¥2)
fixes L. Henee T{M - K)/TM 2 L) has order 1. But T{L: K
huas order 2, [v@ == -1..-"'-3 i5 & non-identity antomorphism, ) Thos
DM K)/T(M L) s isomorphic o a proper subgroap of L K.

Let o bee the real cobe root of 7. Then the splitting field for % =7
over Q) must contain o,

. The other cube rootz of T ace wer and oo, where w.is o non-real

eube oot of 1. Sines the splittiog ficld contains o and way, it also
containg wafo = w, So the splitting field containg Q{er,w). Bul
1 — 7 certainly aplits in Qe o), g0 this is the required splitting
field.

Zince p iz lrreducible (Exenstein with g = 7, it i5 the mininmm
poelyoamial of o over Q) so [Qa) Q] = 3.
Sinee Qla) € R and w & R, w & Q{a).
Thus the minimum polynomial of o over Qio) has degree at least
2. But v is a zero of 2 44+ 1, 8o that i its minimnm polynomial
ovor Qa), therefore [Qfa, ) : Q)] = 2. Now

[Qfer, ) : Q) = [Qiiew, ) = Qlex)] 3¢ [Qlin) - QY

m .



