Question 11

Let K be the subfield of C which is the splitting field of the polynomialt” + 4 in Q[t]
which you may assume to be irreducible, and let & be the Galois group T(K : Q).

{i) Find &, # € C such that K = Q(=,5)-
(ii) Find the degree [K : Q]

{iii} Show that the group G has a normal subgroup N such that both N and G/N
are cyclic; identify the groups N and G/N.

Question 12

Determine whether or not the following ruler and compasses constructions are pos-
mble. Give a justification in each case,

(i} Construction of an equilateral triangle equal in area to & given square.

{ii) Conatruction of a regular 440-gon.

Cruestion 13

Prove that each of the following polynomials in Q[t] i soluble by radicals over Q.
(i #-21+T

(i) t*+19

(iii) 1% = 242 + 1T

Cuestion 14

Let # be the field GF{28), let the cyclic group H be its multiplieative group, and
let z be a geoerator of H.

(i) Write down the number of elements in each subfield of K.

{ii) Fot each of the subfields identified in part (i}, describe its multiplicative group
in tecms of 2.

{iii) Let 0 be the additive identity of K. Find an exampie of a subgroup T of H
auch that TU {0} is not a subfield of K, and explain why it is not.

Question 15
Let K be an ordered field.
(i} Prove that there is a field L containing K such that [ K]=2.

(it} Ts L necessarily algebraically closed? Justify your answer with a brief proof or
counterexample, as appropriate.

[END OF QUESTION PAPER]
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