Question 5

{if Let G be & group and let Z be the centre of &, Suppose further that the
quetient group &/ Z is cyclic. Prove that the group G is abelian.

(ii] Give an sxample of 2 non-abelian group 7 such that the quotient group of G

by its centre is abelian

Question §

Let the group G be the dirset product H x K
Cronsider sach statement below, and state whether it is trus ar falss, giving a brief

proof or counter-=xample, as approp riabe.
i) If H and K are eyclic then 3 i3 cyclic:
ti1) If # and K are abehan then 3 1= abelian,

iiii] If & and K are mmple then G is simple.

Question 7

{i} Far each of the following fiald sxtensions state, with brisf reasons, whether or
pot it 2 algebrage.
fal Qix)-Q
by Q= 20 Qi)

(it} Foreach of the following finits feld extensions state, with hrief reasons, whether
or Aot 16 9 normal

fa) QIv3):Q
th] ﬂfw,f.g].ﬂwrmﬁw"':'llm-.&l
el Fgris.

Question 8
Let & and L be Belds with K C L. Let o be a element of L that iz algebraic over
& with minimum polynomial of degres n aver K.

[i} Prove that Kla?) C K{a)
(i} Prove that o i algebrase over i
(it} Suppose that ni1s odd. Prove that K{a?) = K{a}.

{iv] Give an sxample with K = @ such thas K is a proper subset of K{o®) and
A{a®) is a proper subset of E{a).

Duestion 9
Let & be the field Q{£), where £ = £5*/T. Let & be the Galois grovp T{K - Q).

{i1 Find (3, specifying for sach element of 7 its effect on £

{ii] Prove that A has only four subfields.
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