Tutorial 2 (Elliptic PDEs and Finite Difference Methods)

Class work

1. The function u(x,y) satisfies Laplace’s equation in the unit square 0 < x  < 1 and 0 < y < 1. It is also subject to the following Dirichlet boundary conditions:


u(x,0) = 0
u(0,y) = y2
u(x,1) = 1+ x2

u(1,y) = 2y

(i) Draw a mesh taking (x = (y = 0.2 and write the values of u at the boundary nodes. 
(ii) What size is the matrix system representing the finite difference approximation.
2. A discretised linear partial differential equation will generally require the solution of a matrix system
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State, in matrix form, the Jacobi scheme to solve the system 
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. Then write the following system of equations in this form. [Note: do not solve the equations.]
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(ii)
The Gauss-Seidel scheme for the above system can be written:
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Briefly explain why you might expect this scheme to converge more quickly than the Jacobi scheme?
(iii)
In fact the above scheme fails to converge. Explain why this is the case, defining the property that prevents it from doing so. Then rewrite the Gauss-Seidel scheme so that the system will converge.
PTO

Lab work

Important note: when starting any new file/spreadsheet in Excel, click the “Tools” menu and select “Options”. Then click the “Calculation” tab, set “Calculation” to “Manual”, check the “Iteration” box and set “Maximum iterations” to 1.

1. Consider the following systems of equations:




i)
2x1 + x2 = 4

ii)
8x1 + x2 = 11



  

  x1+ 3x2 = 7


2x1 + 6x2 = 20

a) Solve the above in Excel using Jacobi. How many iterations does it take to converge to 6 decimal places?

b) Solve the above in Excel using Gauss-Seidel. How many iterations does it take to converge to 6 decimal places?

2. Consider the linear system given in the class work question 2
a) implement this system in Excel using the original ordering and confirm that it fails to converge

b) implement this system using the ordering you calculated in 2(iii) and check that it now converges

Answers
1. i) x = (1, 2) (a) Jacobi takes 18 iterations, (b) Gauss-Seidel takes 10 iterations.

   ii) x = (1, 3) (a) Jacobi takes 10 iterations, (b) Gauss-Seidel takes 6 iterations.
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