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SECTION A (60% of the marks)

Please answer all six questions in this section (10 marks each).

1. Determine the following integrals.

dz

/3m3+2m2+4m+4
2 +1

/&S(El—x—)—dx

T

/ coszT i
(sinz)? + 2sinz + 2 *

2. Find the eigenvalues of the matrix

O
N Ot =
=N O

and obtain one eigenvector for each eigenvalue.

3. (a) Solve by separating the variables

dy .
prt (y—1)(y — 2)sinz cos z.

(b) Find a particular solution of the form y = e*(Acosx + Bsinz) of the equation

d?y dy .
72 + 23;; + 5y = 10e® sin .

Hence find the general solution.
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4. Given that
p =Y +1

—_xy——l

find the partial derivatives
0z 0z

dx’ By

Suppose that y is fixed at 1, but that z increases by 1% from z = 2. Using the partial
derivatives you have obtained, find an approximation to the percentage change in z.

5. Fort=0,1,2,..., ¢: and p; satisfy the equations

Dt = qt
g =4—p;
g =1+0.5pt—1.

Find expressions for p; and g;. How do p; and ¢; behave as t tends to infinity?

6. In the ‘Verhulst model’ the population level N grows according to the law

dN

— =cN(S-N
where ¢ is a positive constant and S represents a ’saturation level’ for the population.
Thus the population growth depends directly on the current population level and on its
divergence from the saturation level.

Use the method of partial fractions to solve the differential equation and so find a formula
for N(t) in terms of the initial population level N(0) and the constants ¢, S. Show that as
t— 00

N(t) — S.

Suppose that 0 < N(0) < S/2. Deduce that the population level is always increasing and
show that the population level initially is convex, but that after the population level has
passed the half-saturation level, i.e. N > S/2, it is concave and ultimately almost flat.

If N(0) > S what behaviour does the model predict (i.e determine whether the population
is increasing or decreasing with time)?
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SECTION B (40% of the marks)

Please answer two questions from this section (20 marks each).

7. (a) Show that the function
22% — 622y — 322 + 1293 + 12¢% + 3y

has two saddle-points and one local minimum.

(b) A company has the following production function
4
q(k, 1) = <k1/4 + 11/4) :

It has to produce an amount @ when the price of capital is v = 8 and the price of labour
is w = 1, so the total cost when k units of capital and [ units of labour are employed is
8k + 1. What is the optimal choice of capital and labour to produce Q at minimum cost.

8. (a) Use an integrating factor to solve the equation.

d
E% + ysinz = sin 2z.

(b) Check that the following equation is exact and hence solve it.

d
(ycos(zy) + yIny + 2zy) + (zcos(zy) + = + zIny + z?)—= = 0.

2y
dz
(c) Show that the right-hand side of the following differential equation is homogeneous and
hence solve the equation.

dy _ 2y* + zy — 6a°
de zy )
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9.

10.

(a) Express the following system of simultaneous equations in matrix form, and solve it
using Cramer’s rule or any matriz method.

T+2y+4z=17,

z+3y+92=16
T+ 4y + 162 = 29.

(b) The quantity of a commodity supplied to the market when the selling price is P is

believed to take the form:
Q =a+bP +cP?

for some constants a,b,c. It is known that when P = 2 the quantity supplied is Q = T,
when P = 3 the quantity supplied is Q = 16 and when P = 4 the quantity supplied
is @ = 29. Find a system of three linear equations in the unknowns a, b,c. Solve this to
determine the constants a, b, c. If the formula is to be believed, what would be the quantity
supplied if the price was P = 17

(a) Sketch the curve
2+ 2z + 3

T+ 3

taking care to obtain the stationary points and the oblique asymptote accurately.

(b) The positive quantity y is related to = by the equation
zty? + 42?y? — 225y = 3.
Find dy/dz when z = 1.

[Hint: it may help to note that y3 + 4y? — 2y — 3 = (y — 1)(y% + 5y + 3)]

0 0
(c) Find A and % when g, k, [ are related by the equation:

ok ol

Ck+2%k+¢%3 =0
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11.(a) Show that y = Az® + Bz” is the general solution of the equation
2%y (z) — mzy' (z) —ny =0
provided «, 8 are the distinct roots of
¥ —~(14+m)y—n=0.
Solve this quadratic equation when m = 1,n = 8 and when m = 1,n = 3.

(b) When the current investments of an investment bank are valued at x, the value of the bank
to its depositors is D(z) and is modelled as follows.

(i) If z = b, the bank goes out of business, and D(z) = b.

(ii) If b < z < k then the regulating authority may close the bank and distribute the
value z to the depositors, but only if it inspects the bank. In this range the value D(z) is
modelled by the solution to the differential equation:

22D" + (p — 8)zD' — (p+ \)D + C + Az = 0.

(ili) If z > k the value D(z) is modelled by the solution to the differential equation:
z2D" + (p— 8)zD' — pD + C = 0.

Here, in appropriate units, C is the payout rate to its depositors whilst the bank is in
business, p measures the interest rate, § is the rate at which the bank pays dividends to
its mangement, and A measures the regulator’s inspection intensity.

Assume p=3, 6=2, A\=5and C =4.

Show that the equation in (ii) has a particular solution of the form Kz + L and hence find
the general solution to the equation by using (a).

Show that the equation in (iii) has a particular solution C/p.
Using part (a) again, find the most general solution to this equation such that

lim D(z) =C/p.

r—00

Assuming that b = 0.5,k = 1, write down conditions on the solutions to (ii) and (iii), so
that they have equal value and equal slopes at z = k = 1.

END OF PAPER
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