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U(0,N) =4(N +1) > U(N,0) = N +4

so N bars of chocolate preferred to N bags of crisps.

Indifference curves given by

_ U2,
V= x+4
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o 20T
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Budget constraint touches indifference curve where
ou
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=p=y= 4p — 1.
T+ 4 D =Y = px +4p
Substituting into budget constraint px + y = 7 we have
4—2 4
2px +4p =8 = z(p) = p:——2:>y:3+2p.
p p

So buys % — 2 bags of crisps, 3 + 2p bars of chocolate.
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2. (a) c(z,y) is minimised where
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This is the expansion path.

U=

2 6
= (3)5(x+1)=83=2=35-1, y=3
6 1 6
=c=4r+3y+2=4(35 —1)+3.35 +2=>5.35 — 2.

6
Minimum cost for production level of 3 units is 5.35 — 2 units.

(b)
C(q) = ¢* — 6¢* + 14q + 10.
(i) Fixed cost C(0) = 10.
(ii) MC(q) = C'(q) = 3¢*> — 12q + 14.
(i) AVC(q) = S9=C0 = g2 —6q+14.
Cease production when p = min(AVC).

AV(C'(q) =29g—6=0 when ¢=3=p=AVC(3)=5.

()

C(q)=¢>—5¢>+9¢+3, Dp)=12—-p=q=p=12—q.

Profit given by

P(q) =pg—C(q) = (12-q)qg = (¢° = 5¢° + 99+ 3) = — ¢° +4¢° + 3¢ — 3

= P'(q) = =3¢ +8¢+3=—(3¢+1)(¢—3) =0 for ¢=—3,

Take the +ve solution ¢ = 3. Then p=12 — ¢ =9.
P"(q) = —-6qg+8<0 for ¢q=3.
So we have a local maximum. Also
P(3)=-3%+43>+33-3=15> P(0) = —3.

So ¢ = 3 is a global maximum.

3.



Clq) =¢> —2¢° +4g+ 36 = AVC(q) = ¢° — 2¢ + 4.

AV(C'(q) =2¢q—2=0 when ¢=1= min(AVC)=3.

So cease production when p = min(AVC) = 3. For p > 3,
p=C'(q)=3¢> —4g+4=3¢>—4¢+4—p=0

4+4/16—-12(4—p) 2+,/3p—38
6 N 3 '
Take +ve sign for maximum profit. So

=q=

2++/3p—8 :
S(p) = 3 Up=3
0 it p < 3.
Equilibrium is when NS(p) = D(p) (N firms) so
2+ V=S _,
3 - - .

p = 3 is a solution by inspection, and since D(p) is decreasing and S(p) is

increasing, it is unique.

p=3=q= D) =1= P =pg—Cla)

=3—-(1-2+4+36) = —36.
So each firm makes a loss of 36 units.

Production not viable in the long-run for p < min(AT'C).

36

36
ATC =¢* —2q+4+ — = ATC'(q) =2¢—2— =
q q

=0 when g¢q=3,

by inspection. It is a minimum, since

2
ATC"(q) =2+ 2—3 > 0.

min(ATC) =9 —-6+4+ 12 = 19.

So minimum price in the long-run is 19 units.

In monopoly case

P(q) = Nlpqg — C(¢)] =N[(4 — q)q — (¢° — 2¢* + 4q + 36)] = N[—¢* + ¢* — 36].

= P'(q) =N[-3¢> +2¢] =0 when ¢ =0, 2,

Takeq:§:>p:4—§:13—0.



1
Ci(q1) =6+ Tq1 + §qf,

Cs(q2) =4 + 82 + 45,
Profits:

1 1
Pi(q1,92) =pq1 — (6 + Tq1 + 561%) =14 - (1 +@2)lq1 — (6 +7Tq1 + 5(1?)

3
= — iqf — q1¢o + Tq1 — 6,

Py(q1,q2) =pg2 — (4 +8q2 + ¢3) = [14 — (q1 + q2)]g2 — (4 + 82 + ¢3)
= — qi1q2 — 245 + 6g2 — 4.

Cournot duopoly = maximise P;, P> wrto q1, g2 respectively. So

OP
—1:—3Q1—QQ+7:O,
oq
OP.
2 =1 —4g24+6 =0,
0q2

Then ¢y =2, =1. Sop=14—-2—1=11and P;(2,1) =0, P»(2,1) = —2.

If co-operate, maximise

P(q1,92) =Pi(q1,92) + Po(q1,2)

3
=— ¢} —2q1q2 + Tq1 — 245 + 6g2 — 10

2
oP
=31 — 2+ 7 =0,
Iq
oP:
—2=—2¢1 —4g2+6 =0,
0q2
giving g1 =2, g2 = 3. Then P1(2,1) =1, P,(2,3) = -2.
If ¢ = 2, have

3 3
Pi(q1,2) = —§Q% — 21 +7q1 — 6 =— 561% +5¢1 — 6,

OP
=1 =—3¢1+5=0 when ¢ = g
Iq1

So the first firm lowers its production to q; = % units.

Then

Py(5,2)=—qigo —2¢5 +6go —4=-32-22>4+62—4 =10

so the second firm doesn’t benefit.



X = X° + e1x1 €Mt + cox0e™?t

where \; 2 are the e-values, x; 2 are the e-vectors. If A\; and Ay have opposite
signs, then we have a saddle point; the trajectories always move away from x..

(b) 7 is the low-density relaxation time (i.e. the time for the population
density to be multiplied by e). N is the maximum sustainable population

density.
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When ¢t = T, N = 2”07 S0

noN
no + (N — no)e*1
= 2eng + 2(N —ng) =Ne

N(e—2)=2(e—1)ng

277/0 =

no2e—Dno
e—2
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n(27) = "0




d
d—? =22 —Tn+3=(2n—1)(n—3) = f(n).
The equilibrium densities are n = 1 and n = 3. The graph of f(n) looks like

this:

son = % is stable, n = 3 unstable.

Writing
1 A B
2n2—7n+3:n—3+2n—1
=1=2n—-1)A+ (n—3)B.
n=3=B=-% n=3=>A=1
4L s -
5Jo [n—3 2n-1
:>11n n-3 _
5 32n—-1)

1 —e o
=>n-—3 :3(2n— 1)€5t =>n = Bm

Ast—>oo,n—>%.

If n(0) = 8, we have
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7. (a)
dn

= U+ 9% —n® = —n(n 2~ 7) = f(n).

Equilibrium densities n =0, n =2, n=171.
1'(0) <0, f(n) — —oc0 as n — oo. So graph looks like this:

Equilibria at n = 0, n = 7 stable; equilibrium at n = 2 unstable.

X Y
— =z(b—xz)—zy, —=y(T—2y) —=z
g = e —x) —wxy, - =y(7T—2y) —wy,

Terms (1), (3) are logistic growth functions, implying each population could
survive on its own in a limited resource environment.

Terms (2), (4) both with negative signs imply competiton between the two
species.

Fither b —zrx—y=T—2x—-2y=0=>2=3, y=2
or ac:?—m—2y=0$y=%7
or y=H—x—y=0=x=2>,,
or x=1y=0.
So the equilibria are (0,0), (0, %), (5,0), (3,2).
Community matrix
A:((5—x—y)—m —x )
—y (T—z—2y) -2y

5 0

For (0,0), A = <0 7

ble.

). E-values 5, 7 both positive = improper node, unsta-

3
For (0,1), A = ( 2, _07) E-values 2, —7 opposite signs = saddle



For (5,0), A = (_O _25> . E-values —5, 2 opposite signs = saddle point.

-3 -3
For (3,2), A= (_2 _4).

Linearised equations

des
E = — 3633 — ?)Ey
de
d—iy = — 2¢, — 4ey.
—3e, — 36y = — 20 [3e7 +2e7 %] — 25 [—2e7" + 2]

de
_ 35 —t 125 —6t _ U€
= 556 —556 = —

—2€, —dey =— 25 [3e7" +2¢7%] — 25 27" + 2¢7 %]

de
2 t 12 ¢ —6t Yy
—556 3 oe = ;

Also €,(0) =1, €,(0) = 0.



