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1. i. Find the characteristics of the Tricomi equation

d%*u N Pu 0
Yor oy2

in the lower half plane y < 0, and hence put it into its canonical form.

9 marks]

ii. (a) The continuity equation and Euler’s equations of motion (no
body force) are linearised by assuming that p = po+p1, p = po+p1 and
u = ug + uy, where the terms with the indices 0 are constants and the
terms with the indices 1 denote small perturbations to the respective
fields, to obtain

o ou, 2

—— +poV-u+uy-Vp =0, — +(up-V)uy + —Vp; =0.

ot Po 1 0 P1 It (ug Ju 2 P1

Here, p, p and u stand for density, pressure and velocity of the medium,
respectively; c3 = v po/po is the leading order wave speed of the medium,
where v > 1 is a dimensionless constant.

Now, assuming that the total velocity field is derived from a potential

¢, show that
Lo 0 0
p1 = —C—g(a +uy-V)p, p1= —Po(a +ug - V)0,
and

(= 4+ V)¢ — Vi = 0.

[11 marks]

(b) Describe appropriate boundary conditions in terms of the velocity
potential ¢ for the following boundaries:

e A fixed rigid boundary,
e A traction free boundary,

e An interface boundary between two fluids, assuming that the ve-
locity field in the second medium is derived from a potential ¢*.

[5 marks]
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2. i. A time-harmonic plane wave characterised by a
complex velocity potential 1! with amplitude A, ra-

dian frequency w and speed c is incident to a wall Iy

covered with acoustic tiles as shown in the figure, gen- ,

erating a reflected plane wave. The x—axis is chosen i

to be horizontal and the y—axis vertically upwards. Reflected

« denotes the angle of the incident wave, whereas a g an Mo
-

stands for the angle of the reflected wave, both indi- "
cated clearly in the diagram. i
Write down the complex velocity potential ) taking  Incident
into account the direction of propagation of the wave.

[3 marks| -

The acoustic tiles are assumed to absorb energy. Thus the boundary
condition on the tiled wall is given as

aw(total) \ a¢(total)

B
where ) is the wavelength and ¥ is the combined fields of the
incident and reflected waves.

Show that @ = ar and hence deduce that the complex velocity potential
for the reflected wave is given by

cos(a) — Ae —iw{t — %[—x cos(a) + ysin(a)]}‘

(R) =427
vy, 1) cos(a)+)\ce

[10 marks]

Introducing the parameter s = sin(«) and formally assuming that s >
1, use the complex potential above to show that an evanescent wave,
i.e. a wave, in this particular case, which is oscillatory in y—direction
and which decays as © — —oo, can be produced.

[6 marks]
ii. Solve the following nonlinear initial value problem
ou Ju
— — =0 0 t>0
8t+u8x 2 €(000), ’
u(z,0) =azx, t>0,
where a € R is constant.
[6 marks]
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3. i. (a) Show that the three-dimensional wave equation posed for the
velocity potential ¢, i.e.

Gt — ¢ V2¢ =0,
can be reduced to
2 0
(T¢)tt —C w(rw =0,

and thus possesses a solution of the form F(¢ — r/c)/r, characterising
waves propagating radially outwards from a source, where r = |x|.

[6 marks]

(b) A simple source is placed at (0,0, a) above a fixed
rigid wall 3 = 0, as shown in the diagram. If the
velocity potential for the incident wave characterising
an outgoing wave from this source is given as

1
o = - Slt—rife), 1 =22+22+ (x3—a)}]"?,
1

where S? denotes the strength of the source, find the
velocity potential for the reflected wave, by using a
fictitious image source.

Now, assuming that the strength of the source is of the form S’(t) =
e~ ! show that the total velocity potential at point P can be approx-
imated by

q)total

i(kR—wt
. gi(kR—wt)

2
~ g cos|kasin(a)]

under the assumption that a < R, where R is the distance from O to
P, and « is the angle between the fixed z;25—plane and OP.

[12 marks]
ii. Solve the following nonlinear initial value problem
ou ou
- = ¢
3t+u8x 0, z€(0,00),t>0,
2, —o0o < x < —1,
u(z,0) = ¢ 222, —1<z<0,
1, 0 <z <oo0.
|7 marks]
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4. Consider the following first-order quasilinear hyperbolic system

vi+Av, =0,

() (3,2

Here, p denotes the density, u the velocity and ¢ the wave speed of a
flow.

where

(a) Write down the differential equations defining the characteristics
for this system.

[8 marks]

(b) Prove that, if we can find a function I' (Riemann invariant) asso-
ciated with an eigenvalue A, satisfying

or or
T = -
4 ov A@v’

then I' is constant along the corresponding characteristic.

[10 marks]

(c) Hence using
c(p) = (yBp )2,
where v > 1, B > 0 are constants, deduce that
2
Fi =u=x ¢
v—1
are invariant along characteristics.
|7 marks]
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5. (a) Give the definition of a weak solution of the following partial dif-

ferential equation
ov  Oa(v)

o " ox

=0.

[3 marks]

(b) Give the definition of a shock trajectory I'. Show that the jump
across [" associated with a(v) is equal to zero, provided that I' is parallel
to the t—axis. [12 marks]

(c) Find a weak solution to the following Cauchy problem

ou 8(u2)_
2E+ or

[10 marks]

6. The linearised problem for water waves in a channel of width a along
the xo—direction, is given in terms of a complex velocity potential ¢ as

VQw = 07 T3 € (07 h’)?

0? 0
R e R

where n is the unit vector normal to the bottom of the channel, g is
the gravitational acceleration and h is the unperturbed height of the
water.

Show that the dispersion relation
w? = gktanh(kh),

between the radian frequency w and the wave number k, holds. Discuss
the cases when h — 0 and h — oo.

[15 marks]
Also, show that the velocity components are given by

u; =0, uy = Ckcosh(kzs)sin(wt—kxs), ug = Cksinh(kxs) cos(wt—kxs),

and hence, stating the shape of their trajectories, find the particle
paths. How do the trajectories change when x5 — 0 and x3 — h?

[10 marks]
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