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1. Let D = {x: |x| < 1} be a unit disk with the centre at the origin, and
let the energy functional £ in D be defined by

£(u; D) = / Vu(x)[2dx. (1)
D
The class A of admissible functions is introduced as follows

A = {smooth won D: &(u;D) < 4o00,u = cos(2) when |x| =1},
(2)

where 0 is the polar angle.

Prove that
E(x? —a35; D) < E(u; D) for any u € A. (3)
[20 marks|
Hint: Verify that 23 — 23 is harmonic in D and z3 — 23 € A.

2. Let w(x,t) satisfy the wave equation

Pw(x,t)  Pw(x,t)
- L =0 f —-1,1 4
92 52 0 for z € (—1,1), t >0, (4)

together with the initial and boundary conditions

w(z,0) = cos(mz), %L;(x,()) =0 for z € (-1,1), (5)
w(—1,t) = %1:(1,15) =0 forall t > 0. (6)
Given the energy functional E(w,t) defined by
- 1 ow 9 ow 2
Blw,t) = [ {5 @0 + (5o (@.0)}de, (7)

evaluate E(w,5).
[20 marks|

Hint: Verify that the solution w(x,t) of the problem (4)—(6) satisfies
the identity F(w,t;) = E(w,ts) for any t1,ts > 0.
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3. This question uses the notion of distributions.

(a) Let
1, x> 3
f(x){(x2)72<x<3 (8)
0, x <2

Interpret f”(z) in the sense of distributions and verify that

(f"(x), p(x)) = ¢(2) = #(3), (9)

for any test function p(z) € D(R).
[7 marks|

b) Let f(x) = log |x|, where x = (x1,72) € R?. Evaluate
(b) 8

_of o

A =—= 4+ = 1
in the sense of distributions and prove that
Allog x]) = 275 (x), (11)

where 0(x) is the Dirac delta function.
[13 marks]

4. This question requires analysis of solutions of the wave equation.

(a) The fundamental solution G(x,t) of the wave equation satisfies
the following Cauchy problem

PG(x,t)  PG(a,t)

2 52 = 0, z € (—o0,+00),t >0, (12)
oG
G(z,0) =0, E(x, 0) =d(z), z € (—o0,+00). (13)
Verify that G(z,t) can be represented in the form
1
G(z,t) = §(H(x+t)—H(x—t)). (14)
[10 marks|
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(b) Find the solution w(z,t) of the Cauchy problem for an infinite
vibrating string

Ou(z,t) B Du(z,t)

=0, z € (—oo0,+00),t >0, (15)

02 ot?
with the initial conditions
0
u(z,0) =0, a—?(w,O) —e 17l 2 e (—o0,00). (16)

[10 marks|
Hint: Use the D’Alembert formula.

5. Boundary value problems for Laplace’s operator are included in this
question.

(a) Derive the representation of Green’s function G(x,y), where x =
(1, 22) and y = (y1, y2), for the operator —A in the half-plane

R2 = {(21,72) : 21 € (—00,00), 3 > 0}. (17)

Green’s function is defined as the solution of the following bound-
ary value problem

0?°G 0?G

aix%(xa}I)_‘_aix%(Xay)_'_é(X_y):O? X?YER?H (18)
with the Dirichlet boundary condition

G(x,y) =0 when z; € (—00,00), 22 =0,y € R%. (19)

Here §(x) is the Dirac delta function.
[10 marks|

(b) Find a solution of the following Dirichlet boundary value problem
in the half-plane

0%u 0%*u

@(*7517372) + 376%(371,%2) =0, (5171,%2) € Ri, (20)
u(z1,0) =6(x; — 1) — 6(xy + 1), (21)
lim  w(zy,2z2) = 0. (22)

22422 —00

[10 marks|
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6. Let (r,0,¢) be spherical coordinates. A function u(r, 6, ¢) harmonic in
the interior of the unit sphere satisfies the integral Poisson’s formula

1—r? , , o u(l, 8, ¢)sing
u(r, 0, ) = /d@/ e T v I )

where

cosy = cosf cos B +sinfsin @ cos(¢’ — ), 0<r < 1.

Derive the integral representation for a function v(r, 6, ), which satis-
fies Laplace’s equation in the exterior of the unit sphere (r > 1), and
the boundary condition v(1,6, ) = ¥(0, ), where ¥(0, ) is a given
smooth function.

Write down the representation of v for the case when ¥ = 1.

[20 marks|
Hint: Use Kelvin’s inversion for harmonic functions.
7. This question involves solutions of the heat equation.

(a) Verify that the function
G(z,t) = ——e 1, (24)

satisfies the heat equation

OG(z,t)  0*G(x,1)
o Oz

for x € (—o0,00), t >0, (25)
and the initial condition
G(J],O) = 5(1;)7 2 (_00700)7 (26)

where 0(x) is the Dirac delta function.
[10 marks]
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(b) Using the notion of the error function

2 z 2
erf(z) = ﬁ/o e “da,

determine the solution of the following Cauchy problem for the
heat equation

ou 0*u
E@’t) — @(I,t) =0, x € (—o00,00), t >0, (27)
—2, when z < 1,
u(w, 0) = { 3, when z > 1. (28)

[10 marks]
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