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1.

(a) Given
u(z,y) = In(z + y) + tan™ ' (xy),

and

r=tan(t), y=+t,
express du/dt as a function of x,y and t by using the chain rule.
|7 marks|

(b) Given
u? — xu —yu +1=0,

evaluate u,, by the use of implicit differentiation.

[9 marks]

(c) Given f(z,y) = e(@¥) obtain its Taylor series expansion about the point
(z,y) = (1,1), up to and including second order terms.

[9 marks|
Hint: Use the formula

f(a,b) + (z — a) fo(a,b) + (y — b) fy(a,b)
+% [(x - a)Qfm(a, b) + Q(I - a)(y - b)fﬂ:y(av b) + (y - b)nyy(aa b)]

for the expansion of the function f(x,y) about the point (a,b) up to and
including second order terms.
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2.
(a) Find the two stationary points of the function
flz,y) = 2° — 6zy +y°,
and classify them.
[12 marks]
Hint: A stationary point (a,b) of the function f(x,y) is
a minimum if ﬁy(a, b) — fuu(a,b) fyy(a,b) <0 and fi.(a,b) >0,
a mazximum if gy(a, b) — fex(a,b) fyy(a,b) <0 and f(a,b) <O,
and a saddle point if f7,(a,0) = faz(a,b)fyy(a,b) > 0.

(b) Find the directional derivative of the function

f(x,y,2) = zcos(xy)
at the point P(0,1,5) along the direction from P to P’(6,3,38).
Also find the equation of the tangent plane to the surface
F(z,y,2(v,y)) = f(z,y,2) =5=0

together with the parametric equations of its normal at the point P(0, 1, 5).

[13 marks]
Hint: The directional derivative of the function f = f(x,y,z) at the point
P(a,b,c) in the direction of the unit vector t,, is

Dy f = grad f’P( t,.

a,b,c)

The equation of the tangent plane to the surface F(z,y, z(x,y)) = 0 at the
point P(a,b,c) is given by

—a,y—bz—c) dF) —0
(x —a,y z—c)-gra Plabe)

and the parametric equations of the normal at the same point are

y.2) = (a,b,¢) + A dF’ .
(z,y,2) = (a,b,c) + Agra Plane)
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3. The formula for the Fourier series of a function f(t), t € (0,27), of period
2m 18

f(t) = % + Z{an cos(nt) + by, sin(nt)},

n=1

where the FEuler-Fourier coefficients can be computed by the formulae

_% /027r F(t)dt, / £() cos(nt)d / £(t) sin(nt)d

(a) Given that
£t) = {w—t, 0<t<m,

0, m <t<2m,

sketch the sum of its Fourier series for —4m < ¢t < 4.

[5 marks|

(b) Show that its Fourier series has the following form

f(t) = % + z; {# cos(nt) + % sin(nt)} :

[10 marks]
(c) Hence, by setting t = 0, prove that
1 1 - 2
1 — 4= - =
T3 32 * 52 + 2 kzo 2]€ +1)2 8
[5 marks]
(d) Given that
T_ t, 0<t<m,
F(t) = 2 ™
-, T <t < 2m,
2
obtain its Fourier series directly from (a) and (b).
[5 marks|

Paper Code MATH295 Page 4 of 6 CONTINUED/



THE UNIVERSITY
of LIVERPOOL

4. The formula for the Fourier half range cosine series of a function f(t),
t € (0,a), of period 2« is

f(t) = % + ;ancos (%t) ,

ap = %/Oa fdt, a, = %/Oa f(t) cos <%Tt) dt.

The formula for the Fourier half range sine series of a function f(t), t €
(0, «), of period 2« is

£(t) = f: by sin <%Tt) . where b, = %/a £(t)sin <%t> dt.
n=1 0

(a) Explain briefly, with reference to the coefficients ag, a,, or b,, why the
constant 2 appears in their formulae.

where

[3 marks|

(b) Given that
1, 0<t< L/2,
£lt) = /
-1, L/2<t<L,

sketch the sum of its Fourier half range sine and the sum of its Fourier
half range cosine series for —3L <t < 3L.

[10 marks]

(c¢) Show that its Fourier half range sine series has the following form

14+ (—-1)" — 2cos(n—7r) o

ft) = %Z - 2 sin(ft).

[5 marks]

(d) Show that its Fourier half range cosine series has the following form
. nm

4 sm(7) n,

- - cos(f ).

(]

[7 marks|
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5. Given that the functions z(t) and y(¢) satisfy the simultaneous differential

equations
dx dy dx
2— +2 — =2t4+4, 4dor— —+2y=8t+7
gt +2x + 2t + 4, x 7 + 2y +
and the initial conditions z(0) = 2, y(0) = —1, show that the Laplace
transform of x(t) is
2(s) 257 —s* +4
T(s) = ————.
s2(s2 +4)
[10 marks]
Find the unknown coefficients in the equation
253 — 5% +4 B A+ B +03+D
s2(s2+4) s 82 s244
[7 marks|
and hence, or otherwise, find the functions z(¢) and y(t).
[8 marks|

Hint: Use the table of Laplace transforms on the separate sheet.
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