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INSTRUCTIONS TO CANDIDATES

Attempt FOUR questions only. All questions are of equal value (25 marks
each).

In this paper i, j and l;AreprAesentAunit vectors parallel to the z, y and 2z axes
respectively, and r = xi + yj + zk.
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1. (a) Given that
$lry,2) = 22" +y* +2°

find V¢. Deduce the magnitude and the direction of the greatest
rate of change of ¢ at the point (1,1, 0).

Further, calculate the outward pointing unit normal to the ellip-
soid
207 +y* + 2 =3,

at the point (1,1,0). Use this to find the cartesian equation of the
tangent plane at this point.
[15 marks]

(b) Calculate the divergence of the vector function

where r = zi + yj + zk and 7 = |r|.
[10 marks]

2. (a) Show that for any (smooth enough) scalar field ®

VxVd=0.

Deduce that only one of the vector fields
F, = (6x + 2y)i + 2zj + k , Fy = (22° + 2)i + 3ayj + 22°k

can be expressed as the gradient of a scalar field ®.  [10 marks]

/F-dr
c

F :a:yi—l— (x —2y)j

(b) Evaluate the line integral

where

and C is the curve parameterised by equations

r =t
= 2t+1

2 = t3

and the curve begins at ¢ = 0 and ends at ¢t = 1. [15 marks|
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3. State Gauss’s theorem for a differentiable vector field F defined over a

volume 7 with bounding surface S.
[10 marks]

Let S be the surface of the region 7 bounded by the planes x =, y = 0,
2 =0, 2z =3 and x + 2y = 6. Sketch the region 7 and use Gauss’s
theorem to evaluate

//(23:25 + 2yj + yQZR) -ndsS
S

where S is the bounding surface and n the outward unit normal to S.
[15 marks]

4. State Stokes’ theorem for a differentiable vector field F over a surface
S bounded by a closed curve C.

[10 marks]
Calculate the curl of the vector field
F = (2° — 3y°)i + 212 + 2yzk .
Hence determine whether or not F is a conservative field.
[5 marks]

Use Stokes’ theorem to evaluate the line integral

7{F-dr,
c

where C' is the closed curve in the plane z = 0 formed by the z-axis,

the line x = 3 and the curve y = z3.

Briefly discuss the result. [10 marks]
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5. A scalar function V(z,y) obeys Laplace’s equation

PV PV

in the rectangular region (0 < z < 7),(0 < y < 7), and is subject to
the following boundary conditions

V(z,0) =2 ,V(z,m) =0, (2)
T 0. = Ty =0. (3

(a) Use separation of variables V(x,y) = X (2)Y (y) to show that (1)
decouples into

d>X
dg;2-+042X=07047é07 (4)

and 2y
W—oﬂY:ma#o. (5)

Y
[6 marks]

From (2) and (3), deduce the boundary conditions associated with
(4) and (5). Hence show that the eigenvalues of (4) and (5) are

a=n,n=0,1,2.--
and their associated eigenvectors are

X, (2) = A, cos(nz) Y, (y) = €, SUT = 9))

sinh(nm)

[10 marks]

(b) Finally, show that the solution of the boundary value problem
(1)-(3) can be expressed as

T — " — 1sinh(n(r —y))

y 2 (=)
n=1

sinh(nm) cos(nz) .

[Hint: you may assume that / cos(ny) cos(ky)dy = g, ifn==~F,
0

n # 0. If n = k = 0, the integral is . The integral is 0 otherwise.]
[9 marks]
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6. The displacement V' (z,t) from the horizontal of a uniform elastic string
of unstretched length a satisfies the wave equation
*V  10*V
2 T 2 g2 (6)
Ox 2 ot

where ¢ is a strictly positive constant (speed of wave).
This equation is subject to the boundary conditions

V(0,t) = V(a,t) = 0. (7)

(a) Show, using separation of variables V' (z,t) = X (z)T(¢), that (6)
decouples into

657)2(+042X:O,047é0, (8)

and 2T
W%—CQQQT:O,Q#O (9)
[6 marks]

Deduce that the most general solution of (6)-(7) is

V(x,t) =Y Bysin(a,z) [C, cos (anct) + Dy sin (apct)] , oy, = Th.

n=1 a

[5 marks]
(b) Find the constants B,C,, and C,,D,, given the initial conditions

V(w,()):f(a:),%—‘;(Jc,O):O,ngga. (10)

[7 marks]

Show that the solution of the boundary value problem (6)-(7) and
(10) can be expressed as

[e.e]

2 a . nmw . nmx . nwct
V(z,t) = anz:l(/o f(x)sin wa) sin — = sin — (11)
[Hint: you may assume that / sin (@) sin (me) dr = g, if
0 a a
n=m, n # 0, and 0 otherwise.| [7 marks]
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