All problems are similar to homework and class examples, except where stated explicitly as bookwork.

1. Question Find the general solutions of the differential equations:

dil/
2 2 3,2
- 2 ,

Answer This is separable:
dy 223 —x -1,
dr x2 g

Separating the variables gives

d 1 1 1 1
/—y:/ 2 ———— | de=—==2—In|z|+ - +C.
Y2 x a2 Yy x

yz—(x2—1n|x\+1/a:+0)_l.

So the solution is

Question
dy 2 3
r—= 1+ =2x°.
qp P2y
Answer This equation is linear
d 1 2
< + T y = 2z%.
dx

The integrating factor is

exp (/ (m + ;) dx) = ze® /2

(need only one solution so no arbitrary constant needed), multiplying through by it gives
$612/2% +(1+ m2)em2/2y = (xexz/Qy)/ — 243¢7°/2,
Integrating this equation gives
xem2/2y = /2x36$2/2 dzr = 4/(362/2)6”’2/2 d (m2/2) = 4(x?/2 — 1)6””2/2 + C.

hence i C
y=2r——+ Zemw2,
T T

2. Question Solve the initial value problem:

d?y dy
—2 4+ 11-2 4 28y = 2822 + 222 + 30 0)=0 "(0) = 1.
o2 T, 28y 4+ 22x+30,  y(0)=0,  ¥(0)

Mz will satisfy the homogeneous equation if m? + 11m + 28 = 0. This has roots

7@ To find the particular integral we try

Answer The solution y = e
m = —4 and m = —7 so the Complementary Function is Ae~** + Be
y = ax? + Bz + . We find

20+ 11(2ax + B) + 28(ax? + Bx + ) = 2822 + 222 + 30

This is satisfied if & = 1, 22« 4 283 = 22, so that g = 0 and 2« + 115 + 28y = 30, so that v+ = 1. The general
solution is then
y=Ae * 4+ Be ™ 42241

From the initial conditions we get
y(0)=A+B+1=0, y'(0)=1=—-4A-17B

Therefore A = —2 and B = 1.
The solution is therefore y = —2e™%* 4+ 77 4+ 22 4+ 1.



d?y dy
2 — —(2?—-2)-2L — 2)y = 0.
RO TR e
Find another linearly independent solution to this equation.
Answer Substituting 1/z in to the equation gives (22 + z)(2/23) — (22 — 2)(=1/2?) — (z + 2)(1/x) = 22~ +
2072 4+1-2272-1-22"1 =0. Try y = u/x. We get
(2® +2) [u' /2 — 2u /2® + 2u/2®] — (2® — 2) [u//2z — u/2®] — (z + 2)u/z = 0.

This simplifies to
(z+Du" = (x +2)u

/du' /x+2
— = dx
u’ r+1

Inj|=z+Inx+1+Cy or ' =Cy(z+1)"

so that

Therefore
u = Cy /(x + 1)e” de = Coze® + Cs.

So the general solution is y = u/x = Cye” + C3/x, we recognize the second term as the solution y; = 1/x we
already know, so the other linearly independent solution can be chosen yo = e*.

(8]

. Question Given that A is a positive constant, find the eigenvalues A, and eigenfunctions ¢, (x) for the boundary
value problem:
@Jr)\ =0 "(0)=0 (3)=0
o2 TwW=0 () =0, yB) =0

Answer For A\ = w? > 0, the general solution is y = Acos(wz) + Bsin(wz). From boundary conditions,
y'(0) = wB = 0 and y(3) = Acos(3w) + Bsin(3w). Obviously B = 0 as w > 0 by assumption. Then A = 0
unless cos(3w) = 0, that is w = w,, = (7/24+7n)/3. The eigenvalues are therefore A = \,, = w?2 = (7/3)%(n+1/2)?
and the eigenfunctions ¢, (z) = cos((n + 1/2)7x/3).

Question Show that these eigenfunctions satisfy the orthogonality relation:
3
/ O ()P () dz =0 for n # m.
0

Answer

/0 O ()P () de :/0 cos[(n + 1/2)wa /3] cos[(m + 1/2)7x /3] dz

3
= % /O [cos[(n —m)7wx /3] + cos[(n + m + 1)7x/3]] do

0

_ 3 [sin[(n —m)rz/3] N sin[(n +m + 1)7z/3]]° _
2m

as required, as n # m by assumption and n + m + 1 # 0 since n > 0 and m > 0.

n—m n+m+1 0

. Question Use a trial function of the form
oo

y=2 ana"
n=0

to find the solution of the differential equation

d*y 2

Write the general solution in the form y = Af(x) + Bxg(z), where A = y(0) and B = y'(0). Write down the
first three non-zero terms of the expansions of f(z) and g(x).
Answer )

d
d—g = 2ay + 6azx + 12042 + 20a52>® 4+ - + (n + 2)(n + Day22™ + ...
x



We get a recurrence relation between a,,42 and a,,—1 by equating coefficients of ™. We find that

Ap42 1

ano (n+2)(n+1)

From the coefficients at 2° through to x> we see that ag and a; are equal to A and B, and that as = a3z = 0.
Then from the recurrence relation we have ay = ao/(3-4) = A/12, a5 = a1 /(4 -5) = B/20, ag = a2/(5-6) =0,
ar =as/(6-7) =0, ag = a4/(7-8) = A/672 and ag = a5/(8-9) = B/1440. Thus y = Af(x) + Bxg(z) where

x? 8

=14+—+—++...
fo) =1+ 45+
and . N
T T
g(x)—1+%+1440+...
Question

Show that these solutions converge for all finite values of x.

Answer The ratio between successive nonzero terms in each of the two series is a,422""2/(a, 22" 2) =

2*/((n+1)(n+2)). The size of this ratio tends to zero for all finite values of = as n tends to co. The two series
will therefore converge for all finite values of x.

[9]

. Question Ezxplain what is meant by the terms ordinary point, singular point and regular singular point for the
differential equation
d?y dy
P(x)—= —+R =0
(r) T + Q) L + Ry =0,
where P(x), Q(x) and R(x) are polynomials.
2

d
Answer Any point where P(x) = 0 and so equation cannot be resolved for —g is a singular point of the

differential equation. Any point that is not singular is a regular point. If zq is a singular point and both limits

~

~

are finite, then g is a regular singular point.
Question
Find the singular points of the differential equation
23 (2? — 9)2% + 2% (2? — 9)% + (22 4+ 1)y =0
and for each singular point state whether it is reqular or not.
Answer There are 3 singular points, z =0, x = 3 and x = —3.

For the singular point = 0 we have

2Q(z) x-xQ(x29)_){ 1 ]O

P(z)  23(22—-9)2

finite as x — 0, and
2?R(z) 2% (22 +1) 1
= ~— — 00

P(x) x3(x?2—=9)2  8lx

as  — 0 so this is not a regular singular point.

For the singular point z = 3 we have

(z - 3)Q(@) @awﬂ@$m+aﬂ{ 1 }
=3

P(x) - x3(x — 3)%(x + 3)2 x(x+3)

finite, and

(x—3)2R(z) (z—3)%- (2 +1) . 22 +1
P(z) —23(z — 3)2(x + 3)2 w3 (x+3)%],_,
also finite, so x = 3 is a regular singular point.

Calculations for x = —3 are identical to those for x = 3 with all (z — 3) swapped with (x + 3), and it comes out
as a regular singular point, too

[7]



dx [1 9 7e?!
a4 1 X+ ge2e |-

Answer The characteristic equation of the matrix satisfy (1 — A\)?2 — 36 = 0 so the eigenvalues are A\ = —5
and A\ = 7. The eigenvectors are (3,—2)7 and (3,2)T respectively. The complementary function is therefore
C1(3,—2)Te™5 + (C5(3,2)Te™, where C; and Cy are constants.

2t

The particular integral will be we?!. Substituting into the differential equation and dividing through by e

gives:
2wy = 1wy + 9ws + 7 and 2w = 4wy + wo + 7.

The solution is w; = —2 and wy = —1.

The complete solution is then

X201|:_32:|€5t+02|:g:|€7t—|:?:|62t,

where C7 and Cs are arbitrary constants.

SECTION B
. Question Show that when A\ < 0 the boundary value problem

d?y dy
1 2 = - =
Gz T, F @+ Ny =0, y(0)=0,  y(™)=0

has no eigenfunctions, but for appropriate values of X > 0, the eigenfunctions are:

bn () = e 7 sin(nx), n=1,23--.

Answer Characteristic equation: y = e™* will be a solution if m?+10m+(25+)) = 0, that is for m = —5++/—\.

If A < 0, both values of m will be real and distinct. Let A = —p?, p > 0, the general solution is then
y = Ae(=5TP)2 L Be(=5-P)  The houndary conditions give (0) = 0 = A+B and y(7) = 0 = (Ae™+Be~™)e 5",
The only solution is A = B = 0 and there are no eigenfunctions.

For A = 0 the general solution is y = (A + Bx)e 5. The boundary conditions give y(0) = 0 = A and
y(r) = 0= (A+ Br)e > and so A = B = 0 and there are no eigenfunctions.

For A = w?, w > 0, we have y = e~ 5% (A cos(wx) + Bsin(wz)).

The boundary conditions give y(0) = 0 = A and then y(7) = 0 = Be °" sin(wn). Thus B = 0 unless sin(wm) = 0.
This will be so if w = n for positive integer n, and the eigenfunctions are e~5% sin(nz) = ¢, (x) as requested.

Question

n

Further, show that / %% (2) b (x) dz = 0 for n # m, and evaluate / %2 (2) da.
0 0

Answer We have

/ "% o () P (x) dz = / e!0e 5" gin(nx)e " sin(ma) dr =
0 0

™ 1 ™
/ sin(na) sin(ma) de = B / [cos((m — n)x) — cos((m + n)z)] dz.
0 0
For m # n, this integral evaluates to

1 { [sm((m - n)x)r - [Sin((m + n)x)} ”} »

2 m-—n m-+n

0 0

as requested, as both denominators are nonzero since m # n by assumption and both m and n are positive. .

For m = n, this integral becomes

;/OW [1-cos(2nz)] dz = % {71' - {SW]Z} - g



o0
y=> anz"t

n=0

to find two linearly independent solutions of the differential equation:

2
3%%—}—(2—@%—1}20. (1)
Write down the first three non-zero terms of each series.
Answer Substituting into the differential equation:

—y = —apx” — e —apzt -
23—5 = 2capz" +2(c+ 1)arz° +F2(c+n+ Danpiz™™ +...
—xg—ays = —capx’ — o —(c+ n)anchrn — ...
Sx% =3c(c — Dagz™" +3(c+ 1)carz* +-F3(c+n+1)(c+n)an 1zt +...

The smallest power of z in this is 2¢71. Its coefficient is (3¢(c — 1) + 2¢)ag = ¢(3¢ — 1)ag. As ag is not zero by
assumption, we have ¢ =0 or ¢ = 1/3.

We get the recurrence relation by looking at the coefficient of ™. This gives us

pt1 c+n+1 _ 1
an  (c+n+1)Bc+3n+2) 3c+3n+2

For ¢ = 0 if we take ag = 1, we have one solution

i lep il

and for ¢ = 1/3 we have the other solution

B S
=T —T — =
Y 377356 :

so we have two linearly independent solutions as requested.
Question
Show that both of these solutions converge for all values of x > 0.

Answer The ratio between successive terms in either of the series is /(3¢ 4+ 3n + 2). This tends to zero as n
tends to infinity for all finite values of z. The series therefore converges for all finite values of x.

Question
Write equation (1) in Sturm-Liouville form.
Answer To convert to the Sturm Liouville form, we can first divide through by 3z and then multiply through

by a function P(z) which changes the derivative part to the form

d dy d?y ,, dy
— | P(x)— | =P(x)—5 + P'(z)—.
dz ( () daz) () da? + P dz

Such a function will satisfy the differential equation P'(z) = [(2 — z)/3z]P(z). Thus InP = (2lnz — )/3 so
that P = x2/3¢=%/3. The Sturm Liouville form is then

d [ 93 _4/3dy U 13 —ays
P <:c e de 3z e y=0.

[15]

10. Question Use a trial function of the formy =" a,az™ to find a series solution of the differential equation:

d*y dy
(1—x2)@—4x£+)\y:0. (2)



any2  n(n+3)— A

an (n+1)(n+2)

Answer

Substituting y = >~ 7, a,a™ into the differential equation gives

d2
dixg = 2ao +2 - 3asx +3 - daya® +4 - 5a52° +5 - 6aga™ ++(n+2)(n+ Dap—2z” +...
d2y
fx2@ = —2a02> —92.3a32° —3 . 4aya* —- —n(n—1)anx" — ...
dy 2 3 4 n
—4xdm = —4a1x —4 - 2asx —4 - 3asx —4 - 4aqsx — - —4dnanx — ...
Ay = lao + a1z Fhaoz? +Fhazz® Fhagz? 4+ FAhanx” + ...

The coefficient of 2" in the differential equation is
(n+2)(n+ 1)ap+2 —n(n — 1)a, — 4na, + Aa, =0

which gives the recurrence relation
Uny2 n®>+43n—\

an  (n+2)(n+1)

as requested.
Question

Show that the general solution to equation (2) is a linear combination of a series of odd powers of x and a series
of even powers of x

Answer The solution is

a az a a as as s
yao{lJr2x2+24x4+...}+a1{x+3x3+35x"+...}
ao agp a2 ay ap as

— ~\ 2.5—
:a0{1+/\m2—|—)\Hx4—|—...}+a1{x—|—

2.3 ° 2.3 4.5

Ld=X g 14-A3:6-2 5
12" "12 3.4

Question

Show that if X\ = m(m + 3) and m is an even positive integer, the even series solution terminates and is just
a polynomial, while if m is an odd positive integer, the series of odd powers of x terminates and becomes a
polynomial. Write down the polynomials for the cases when m = 1,2,3,4. Denote these polynomials by Py, (x).

Answer If A = m(m+3) for some integer m, then the recurrent relationship for that m gives that a,,+2/a., = 0,
hence a,,4+2 = 0 and all subsequent coefficients of the same parity vanish, too, and this series terminates. If m
is odd, it is the series of odd powers which terminates, while if m is even, the series of even powers terminates.
Ifm=1,A=1-4=4,a3=0,s0 Pi(z) ==

Ifm=2AX=2-5=10,a4 =0, ag/ag = —10/(1 - 2), so Py(z) = 1 — 522.

Ifm=3A=3-6=18a;5=0, az/a; = (4 —18)/(2-3) = —7/3, so Ps(z) = x — La.

Question Show that the Sturm-Liouville form of equation (2) is

d d
o ((1 - 332)2(11) + (1 —2H)\y =0.

Answer Differentiation using the product and chain rules in the above equation gives

d*y dy
_ 2297y _ 2o 2V, —
(1—2%) 2 +2(1 —27)( Qx)dx +(1—2%)Ay =0.

Dividing through by (1 — z?) gives equation (2), which proves the required.

Question



11.

/1 (1 — 22)P,(2) Py () dz = 0.

-1

Answer The integration is from —1 to 1. This means that the integral of an odd function of z is zero. Therefore
the integral of an odd order P with an even order P is zero. We thus only have to evaluate the integral with P;

and Ps. It is . )
7 10 7
/_1(1 — 2%z (x - 3953) dz = /0 (mQ — §x4 + 3336) dz

as required.

[15]
Question Show that eigenvalue X\ = —2 is a double root of the characteristic equation of the matriz
1 -3 3
A=13 -5 3
6 —6 4

and find the other eigenvalue.
Answer The characteristic determinant is
1—-A -3 3

3 —5—-X 3 |=—-(\-12)\-16).
6 —6  4-)

If \; = Ay = —2 is a double root then we should have A\*> — 12\ — 16 = (A +2)2(\ — A\3). By multiplying through
and equating coefficients at powers of A\, we get 4— A3 = 0, 4—4) 3 = —12 and 4\3 = 4. All these three equations
can, indeed, be satisfied (which proves that A = —2 is indeed a double root) by A\ = 4.

Question Show that the vectors (1,1,0)7 and (1,0, —1)T are eigenvectors of A and find the third eigenvector,
writing it in the form (1,us,us)T.

Answer Multiplication gives A(1,1,0)7 = (-=2,-2,0)T = —2(1,1,0)7, (1 1 0) is an eigenvector e; with
eigenvalue \; = —2. Similarly, A(1,0,-1)T = (-2,0,2)T = —2(1,0, 71) o (1,0,—1)T is an eigenvector ey
with the same eigenvalue Ay = —2.

The third eigenvector can be found by pre-multiplying the first column of A — oI by the matrix A — A\;I. That

3 =3 3 3 18
es=|3 -3 3 3| =118
6 —6 6 6 36

We can take a factor of 18 out so that es = (1,1,2)7. Its eigenvalue is A3 = 4.

Question Find a matric P and a diagonal matriz D such that

P 'AP =D.
1 1 1
Answer The matrix P is the matrix whose columns are the eigenvectors,soP=1| 1 0 1 and D is
0 -1 2
-2 0 0
a diagonal matrix whose elements are the eigenvalues, D = 0 -2 0
0 0 4

Question Transform the set of differential equations:

dx
— =A f(t
dt x +£(),

where x(t) = (z1(t), 22(t), 3(t))T, and £(t) is a given vector-function of time, into the form:

dy
=D
gy y +c(t),



12.

terms of the components of f(t).
Answer The required transformation is x = Py which gives x = Py = APy + f(t). Then P~ 'Py =
P~'APy + P~ !f(¢), that is y = Dy + c(t), where c(t) = P~1f(¢). The inverse matrix is

-1 3 -1
Pl==1 2 -2 0
1 -1 1

Therefore ¢y = (—f1 +3f2 — f3)/2, co = fi — fo and c3 = (f1 — f2 + f3)/2.

[15]
Question Show that x = (1,1)Te3 is one solution of
dx | 2 1
Answer If we substitute given x into the equation, we get dit( = { 2 } e3t for the left-hand side, and

[ 31 le ] [ 1 ] et = [ g ] et for the right-hand side, so the equation is satisifed.

Question Find a second solution and hence write down the general solution.

2—A 1

Answer We find the eigenvalues by solving 1 4

’ =0. This has a double root A = 3.

There is no second eigenvector for this eigenvalue, hence we look for a second solution (1,1)7te3 + we3t. We
get

3t+ 14 3w, 3t | St+ 2w +wo 5t
3t + 1+ 3wsy - 3t — wy + 4wso ’

Both components lead to the same equation, wy —ws = —1. We can take wy = 0 and we = 1. The second solution
is then x = (1,1)Tte3! + (0,1)Te3. The general solution is then x = A(1,1)Te3 + B[(1,1)Tte3t + (0,1)Te3.
Question

Find a linear transformation, x = Py, which will decouple the differential equations represented in the matriz

form as
dx 2 1

where £(t) is some known vector-function of t, and write down the decoupled differential equations. Solve these
differential equations and hence determine x(t) when f(t) = (0,1)Te3.

Answer We take the columns of P equal to the eigenvector and the generalized eigenvector, that is the first
column (1,1)7 and second column (0,1)7. Thus

110 1 1 0
P[l 1} and P [ }

Substitution x = Py gives

dy _,dx 1 0 2 1 1 0 1 0 3 1 1 0

a P W~ {—1 1“—1 4“1 1}3’+[—1 1}"‘_ [0 3}y+[—1 1}1?'
By components, we have two decoupled equations: 1 = 3y1 + y2 + f1 and y2 = 3y2 — f1 + fo — the equation
for yo does not involve y; (but not vice versal).

We solve equation for ¥, first: 9o = 3ys + e3*. This is a first order linear equation whose integrating factor is
e~3!. The solution is yo = (A + t)e3t.
The equation for y; is then g1 = 3y; + (A + t)e3!. This is also a first order linear equation with integrating
factor e=3%. The solution is y; = (t2/2 + At + B)e3'. Then z; = y; = (t?/2 + At + B)e3t, and 29 = y; + 92 =
(t2/24+ (A+ 1)t + A+ B)e®.

[15]



