Full markscanbe obtainedfor correctanswerso

FOUR questions.

Data provided: New Cambridge Elementary
Statistical Tables by D.V. Lindley and W.F. Scott



Some useful Formulae

1)

2)

3)

4)

5)

6)

For any two events A and B
P(AOB) = P(A) + P(B) - P(AB),
P(AnB) = P(ACB) P(B),

P(AnB) = P(A) - P(AnB).

For three events A, B and C
P{AN(BOC)} = P{(AnB) O (AnC)},

P{An(BOC")} = P(A) - P{An(BOC)}.

For two event T and D with complementandD, respectively,
P(T| D) P(D)

PO = 54Dy PD) + P(TID) P(D)

If X has a Binomial distribution with parameters n and p

g
0

P(X=x) = Ehg pP‘(1-p)™  (x = 01,...,n)

2%

and E(X) = np, V(X) = np(1-p).

If X has a Poisson distribution with mean

P(X=x) = )\;IX exp(-A) x=01,..),
and

E(X) =, V(X) = A.

If X, andX, areindependenNormal variableswith meansu; andy, andvariancess;* and
2%, respectivelythenY = X; + X, is alsoa Normal randomvariablewith meany; + p, and
variances,’ + 62°.



A family with two pre-schoolchildren, called Sarahand Jane,will watch a particular
afternoonTV programmepnly if the mother(M) doesnot objectto watchingthe programme
andeitheror both Sarah(S) andJane(J) do not objectaswell. Let M denotethe eventthat
the motherdoesnot objectto watchingthe programmeanddefine S andJ in the sameway.
It is know that

P(S) =0.23, P(J) = 0.25, P(M) =0.5,

P(SnJ) = 0.06, P(S"M) =0.125, P(IM)=0.12,

P(SnJnM) = 0.029.

Find the probability that

a) Sarah or Jane or both do not object to watching the programme. [4 marks]
b) Jane does not object to watching the programme but Sarah does.  [5 marks]
C) The family watches the TV programme. [7 marks]

d) The mother does not object to watching the programme but both
Sarah and Jane do. [9 marks]

A diagnostidestfor a certaindiseasénastwo possibleresults,positive or negative. The test
has a sensitivity of 99% (that is, for a personwith the diseasethe test is positive with
probability 0.99). For a personnot having the diseasethe testis negativewith probability

0.98 (the specificity). One percent of the population has the disease.

For onepersonchosenat random,the testis positive. Showthat the probability the person

has the disease is one in three. [17 marks]

If the testis positive, a patientis invited to retake the test; invariably the invitation is
accepted. Assumingthe above sensitivity and specificity still hold (but that now a priori
probability of diseases 1/3), showthat, if the secondestis alsopositive,the probability that

the person has the disease is now more than 95%. [8 marks]



In a seriesof 7 independentrials, the probability of a “success's constantfrom trial to trial
and equals p. Write down an expression for the probability that
i) exactlyone success is observed,

ii) no more than one success is observed. [5 marks]

A scientistinoculatessevernmice,oneat atime, with a diseaseggermandafter an appropriate
time haselapsedshe examineseachmouseindividually and recordswhetheror not it has
contractedthe disease. Supposethat the probability of contractingthe diseasefrom the

inoculatedgermis /s for eachmouseandthat the mice contractthe diseaseéndependentlyof

each other. What is the probability that

iif) no more than onmouse has contracted the disease,

iv) at least four mice have contracted the disease. [8 marks]

A scientist at a different laboratory continues to inoculate the mice with the digzasentil
she finds two mice that have developed the disdaseay be assumedhatat this laboratory
alsothe probability that an inoculatedmousecontractsthe diseasés /s for eachmouseand
that the mice contract the disease independently of each other. Find the probability that
V) exactly two mice are required,

Vi) exactly three mice are required, [12 marks]



A news vendor orders four copies of a certain magazineper week. The number of
individuals who come in to bugis magazinen a weekhasa Poissordistributionwith mean
4. Find the probability distribution of the randomvariable,Y, whereY is the numberof

copies of the magazine that are actually sold in a week. [17 marks]

Deduce that the expected value, E(Y), of Y equals 3.2. [8 marks]

Thetime (in secondsjakenby a motorto startafterit hasbeenswitchedon is a continuous

random variable with probability density function

f(x) = B%ﬁ @ l<x<3,
clicilie
D
0 esewhere.
Verify that f(x) defines a valid probability density function. [8 marks]

Find the probability that the motor starting time is
a) less than 1.5 seconds,

b) greater than 2.5 seconds. [10 marks]

If the motortakesmorethan 1.5 seconddo start,a light comeson and stayson until either
onesecondhaselapsedor until the motor starts(whicheverhappendirst). Let the random
variable Y denote the length of time the light stays on.

Find

i) P(Y =0),

ii) P(Y =1). [7 marks]



The employeesof a building managementirm are being offered a profit-sharing/salary

package.

Supposehatanindividual currentlyreceivedanannualsalaryof £B. Underthe schemethis
salarywould be replacedby a basicsalaryof £(0.8)B plus a contribution£X; relatedto the
firm's profitability over the next twelve months. Currentforecastspredictthat £X; will be
£(0.4B). The uncertaintiesof future operationsimply that £X; should be regardedas a
randomquantity, normally distributed,with expectedvalue £(0.4)B and standarddeviation
£(0.2)B.

Evaluate the probability that ovesmgleyearanemployeeacceptinghe new schemevould

have total earnings less than the present earnings. [12 marks]

The profitability in a subsequenyearmay be takenas contributinga further £X, underthe
scheme £X, having the samedistribution as £X;; it has also beenproposedthat, in the
second year, the basic salary should be increasedto £(0.85)B. Under the present
arrangements, on the other hand, an employee's sathgsecondyearis expectedo go up
to £(1.1)B. On the assumptionthat X, is distributedindependentlyof X;, evaluatethe
probability that over a two-year period, an employeeacceptingthe new schemewould be

worse off than under present arrangements. [13 marks]



