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Attemptthree questions. All questions carry equal marks.

Q1 Consider the system of ordinary differential equations

dx

dt
= y − 2x,

dy

dt
= a + x2 − y,

wherea is a parameter.

(a) Show that fora > 1 there are no equilibria, and fora < 1 there are two equilibria. Examine the stability
of both fixed points and classify them for all values ofa < 1.

(b) What kind of bifurcation occurs ata = 1? Find the eigenvalues and eigenvectors of the fixed point at
a = 1 and show that

u =
1

3
(x + y − 3), v =

1

3
(2x − y)

is a set of normal coordinates for the bifurcation.

(c) In the neighbourhood ofa = 1, u andv are small, andµ = 1 − a is O(u2). The extended centre manifold
can be written as a power series inu andµ of the form

v = a1µ + a2u
2 + higher order terms.

Why is there no term proportional tou in thev expansion? Determine the first two coefficientsa1 anda2 and
show thatu evolves according to

du

dt
= b1µ + b2u

2 + higher order terms,

where the coefficientsb1 andb2 should also be determined.
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Q2 (a) Show that the system of differential equations

dx

dt
= µx − y − x3,

dy

dt
= x + µy − y3

has a Hopf bifurcation atµ = 0.

(b) Forµ = 1, put the equations into polar coordinatesr andθ usingx = r cos θ, y = r sin θ, and hence show
that

dr

dt
= r − r3(1 − 1

2
sin2 2θ),

dθ

dt
= 1 +

r2

4
sin 4θ.

Deduce thaṫr > 0 if r < 1 andṙ < 0 if r >
√

2. Show also thatr = 0 is the only fixed point, and hence that
there must be a stable limit cycle in1 ≤ r ≤

√
2.

(c) Show that forµ small, a limit cycle exists withz = x + iy = A exp iωt, with

ω = 1 + ω2A
2 + · · · , µ = µ2A

2 + · · · , and z = A exp iωt + O(A3).

Show thatω2 = 0, find µ2 and hence the amplitudeA in terms ofµ. Is the small amplitude limit cycle stable
or unstable? Is the value ofA predicted by this weakly nonlinear theory atµ = 1 within the region containing
the limit cycle established in part (b)?

Q3 (a) Show that the Takens-Bogdanov system

dx

dt
= y,

dy

dt
= µ1 + µ2y + x2 + xy

has a double zero eigenvalue atµ1 = µ2 = 0. Write down the Jordan form of the linearised system about
x = y = 0.

(b) Show that there are no equilibria forµ1 > 0. How can we be sure there are no limit cycles whenµ1 > 0 ?

(c) Show that there is a saddle-node bifurcation atµ1 = 0. Identify which of the two equilibria resulting from
this bifurcation is the saddle and which is the node. Show that the node transforms into a focus as
µ2 → √−µ1, and that it then undergoes a Hopf bifurcation on the curveµ2 =

√−µ1.

(d) The Hopf bifurcation can be studied by using the transformation

u = x +
√−µ1, v = − y

ω
, ω2 = 2

√−µ1, µ̂ = µ2 −
√−µ1

to convert the system into the form

du

dt
= −ωv + f(u, v),

dv

dt
= µ̂v + ωu + g(u, v),

wheref andg are quadratic functions ofu andv. Heref is zero and you should findg. Given that at̂µ = 0
the normal form of the Hopf bifurcation is

ż = iωz + az|z|2,

where for quadraticf andg,

a =
1

16ω
[fuv(fuu + fvv) − guv(guu + gvv) − fuuguu + fvvgvv ] ,

establish that the Hopf bifurcation is subcritical. Show that the fixed point(−√−µ1, 0) is stable for̂µ < 0 and
explain why this implies that an unstable limit cycle existsfor µ̂ < 0.

(e) How is the limit cycle created by the Hopf bifurcation destroyed asµ2 is reduced below
√−µ1 ?
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Q4 (a) The system of ordinary differential equations

dx

dt
= βx + f(x, y, µ),

dy

dt
= −γy + g(x, y, µ),

wheref andg are homogeneous quadratic functions ofx andy, andµ is a parameter, have a saddle point with
β andγ positive atx = y = 0. Define the saddle index,δ, and the stable and unstable manifolds of the fixed
point x = y = 0.

State what is meant by a homoclinic connection between the stable and unstable manifolds. You are given that
a homoclinic connection exists atµ = µ0. Explain how the limit cycle that can exist forµ close toµ0 can be
analysed in terms of the composition of two maps, one of whichis linear. Show that the composite map can be
written

xn+1 = A(µ − µ0) + Bxδ
n,

whereA andB are constants you should define. Discuss the casesδ > 1 andδ < 1.

(b) The system
dx

dt
= µx + y − x2,

dy

dt
= −x + 2x2,

has a homoclinic connection atµ = µ0 ≈ 0.135. Find the fixed points of this system, and identify which is the
saddle atµ = µ0. Evaluate the saddle indexδ atµ = µ0, and hence find whether the associated limit cycle is
stable or unstable. Is your result consistent with the localbehaviour near the other fixed point?
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