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Attemptthree questions. All questions carry equal marks.

Q1 Consider the system of ordinary differential equations

dz dy 9
= y—2 29 _
7t Y xz, 7 a+x Y,

whereq is a parameter.

(a) Show that fora > 1 there are no equilibria, and far< 1 there are two equilibria. Examine the stability
of both fixed points and classify them for all valuesaof: 1.

(b) What kind of bifurcation occurs at= 1? Find the eigenvalues and eigenvectors of the fixed point at

a = 1 and show that ) )
u=g@ty-3), v=g@r-y)

is a set of normal coordinates for the bifurcation.

(©) In the neighbourhood of = 1, u andv are small, angk = 1 — a is O(u?). The extended centre manifold
can be written as a power seriesumndy of the form

v = a1y + asu® + higher order terms.

Why is there no term proportional toin the v expansion? Determine the first two coefficieatsandas and
show thatu evolves according to

d
d_? = b+ bgu2 + higher order terms,

where the coefficients, andby should also be determined.
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Q2 (a) Show that the system of differential equations

dx 3 dy 3
priall i A Gty —y

has a Hopf bifurcation at = 0.

(b) Foru = 1, put the equations into polar coordinateandf usingz = r cos 8, y = rsin 6, and hence show

that ; )
1 d
ﬁzr—r3(1—§sin229), £:1+%sin49.

Deduce that > 0 if » < 1 andr < 0 if » > v/2. Show also that = 0 is the only fixed point, and hence that
there must be a stable limit cycle In< » < V2.

(c) Show that for small, a limit cycle exists withh = x + iy = A expiwt, with
w=1+wA?+..., p=pA?+ .-, and z= Aexpiwt+ O(A>).

Show thatw, = 0, find 2 and hence the amplitudé in terms ofu. Is the small amplitude limit cycle stable
or unstable? Is the value df predicted by this weakly nonlinear theoryat= 1 within the region containing
the limit cycle established in part (b)?

Q3 (a) Show that the Takens-Bogdanov system

e ) + pay + 27 +
_— = _— = xT xT
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has a double zero eigenvalueiat= 1o = 0. Write down the Jordan form of the linearised system about
z=y=0.

(b) Show that there are no equilibria fof > 0. How can we be sure there are no limit cycles wjen> 0 ?

(c) Show that there is a saddle-node bifurcatiopat= 0. Identify which of the two equilibria resulting from
this bifurcation is the saddle and which is the node. Showttieanode transforms into a focus as
ue — +/—p1, and that it then undergoes a Hopf bifurcation on the cupve- /—pu1.

(d) The Hopf bifurcation can be studied by using the transfoionat
u:x+v_ulu ’U:—%, w2:2\/_u17 ﬂ:HQ_\/_—Hl

to convert the system into the form

du

dv .
= vt f(we), = wu+glu,v),

dt

where f andg are quadratic functions af andv. Here f is zero and you should fingl Given that afi = 0
the normal form of the Hopf bifurcation is

# = iwz + az|z)?,
where for quadrati¢’ andg,
1
a = m [fuv(fuu + fvv) - guv(guu + gvv) - fuuguu + fvvgvv] )

establish that the Hopf bifurcation is subcritical. Showattthe fixed point—./—u1,0) is stable fori < 0 and
explain why this implies that an unstable limit cycle exigts;. < 0.

(e) How is the limit cycle created by the Hopf bifurcation deg&d asu- is reduced below/—pu; ?
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Q4 (a) The system of ordinary differential equations

dx d
E:ﬂx'i_f(xayau)u —y:—’ﬂ/‘f‘g(%?/yﬂ),

dt
where f andg are homogeneous quadratic functions:@ndy, andy is a parameter, have a saddle point with
(£ and~ positive atr = y = 0. Define the saddle indeX, and the stable and unstable manifolds of the fixed
pointz =y = 0.

State what is meant by a homoclinic connection between #idesand unstable manifolds. You are given that
a homoclinic connection exists at= . Explain how the limit cycle that can exist farclose toug can be
analysed in terms of the composition of two maps, one of wisdinear. Show that the composite map can be
written

Tni1 = Al — po) + B,
whereA and B are constants you should define. Discuss the case$ andé < 1.

(b) The system
E:,ux—l—y—:z:, %:—:1:4—2:1:2,

has a homoclinic connection at= 1o ~ 0.135. Find the fixed points of this system, and identify which is th
saddle aj. = po. Evaluate the saddle indéxat . = 1o, and hence find whether the associated limit cycle is
stable or unstable. Is your result consistent with the lbeflaviour near the other fixed point?
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