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Attemptfour questions. All questions carry equal marks.

Q1 (a) Define the gradientyf, of a functionf(z,y, z). In the case
f(@,y,2) = 2% + 2wy + 2°,
find Vf. Find also the directional derivative in the direction

1. 2. 2
_Loo22
u=gltgity

atthe pointr =y =2 =1.
(b) z(z,y) is defined implicitly by the relation

2Br—yz+xy? = 1.

Find the partial derivatives,, z, andz,, in terms ofz, y andz. Find also all the possible points with
x = y = 1 that satisfy this relation, and hence find all the possibleesofz,, z, andz,, withz =y = 1.

(c) Find the unit vector normal to the surface
f(xayaz) = 23+$—2y3 =0

at the pointz = y = z = 1. Hence find the equation of the tangent plane to the surfaee) at
(z,y,2) = (1,1,1) in the formaz + by + cz = d.

(d) Givenu = u(z,y) andv = v(x,y), define the Jacobian determinant that relates the diffieteitiu, dv)
to the differentialg dx, dy). In the case

2 2 2 2
u=x" -y, v=x" +Y,

find the conditions that the Jacobian determinant is zewbgaplain why it is then not possible to find
(dz,dy) in terms of(du, dv).
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Q2 (a) Explain how the leading principal minors of anx n matrix are defined.
(b) Find the symmetric matri¥y for the quadratic form
Q(z,y, 2) = 3% + 3% + 42% + 4wy + 222 + 2z = x! Hx,

and use the principal minor test to determine its sign pragser

(c) Giventhat\; = 1is an eigenvalue of the matrif defined in part (b), find all its eigenvalues and
normalized eigenvectors.

Hence write) as a sum of three squares.

Q3 (a) Write down the Lagrangian, and hence find all the stationaigtp of the problem
f(z,y,2) =22 + 4y + 322,

subject to the constraint
h(z,y,2) =2* +y* + 22 — 1 =0.

(b) Find the4 x 4 Bordered Hessian for the problem specified in part (a), aatliate the two relevant
leading principal minors. Hence classify all the the staiy points found in part (a).

Q4 (a) Arail company sells tickets to first class and economy classomers at priceg; andp,
respectively. They can sel); = 210 — p; first class seats, ar@d, = 90 — p, economy class seats. The cost
to the company is

C' = 6000 + QF + Q1 Q2 + Q3.
Find the price; andp, that give a stationary value for the profit and establishitiata maximum. Can the
company make a profit, or must it cut costs to avoid runninglesst

(b) A company produces lampshades at a #dtéy'/2 which it sells for.£8 per item. The inputs: andy are
positive quantities. The cost of productioni’s= z + 7y pounds. An equality constraint appliesst@ndy so
thatx + y = 5. Find the critical values af andy that make the profit a stationary value, and the value of the
profit at this stationary value. [You are not required to shiost this stationary value is a maximum].

Q5 (a) Afunction f(z,y) is to be maximised subject to the binding constrgint, y) < b. Explain by means
of a sketch whyWf andVy are parallel at a stationary point, andviff = AVg, state what sigih must have.

(b) Use the Kuhn-Tucker method to maximise

f(fE,y,Z) =Yz + 2,

subject to
224y +22<25, >0, y>0, and z>0.

State also which constraints are binding at this maximum.
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