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Differential Equations

Time allowed: 2 hours

Attempt no more than 4 questions.

You must show your working in answers to all questions.

1. (a) Find the solution of the differential equation

dy

dt
− πy = 0 ,

with the initial condition y(0) = 1
2 . Sketch the solution.

(b) Find the solution of the differential equation

dy

dt
− πy = −π

2
,

with the initial condition y(0) = 1. Sketch the solution.

(c) Find the solution of the differential equation

dy

dt
− πy = −y3 ,

with the initial condition y(0) =
√

π/2. Sketch the solution.

2. (a) Find the general solution of the differential equation

dy

dt
− 2ty = t.

(b) Find the general solution of the differential equation

2y(x− 1)
y2 + 1

dy

dx
+ ln

(
y2 + 1

)
= 0 .

(c) Find the general solution of the differential equation

dy

dx
=

y

x
+

1
3

(
x

y

)2

.

3. (a) Find the general solution of the differential equation

y′′ − y′ +
1
4
y = 0.

Hint: Check that you have two linearly independent solutions by calculating the Wron-
skian, W (t) = y1(t)y′

2(t)− y2(t)y′
1(t).
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(b) Three solutions of a certain second-order inhomogeneous linear differential equation
are

yi(t) = 1 + et2 , yii(t) = 1 + tet2 , yiii(t) = (t + 1)et2 + 1 .

Find the general solution of the differential equation.

The differential equation is of the form

y′′ + p(t)y′ + q(t)y = g(t).

Find p(t), q(t) and g(t).

Hint: the Wronskian is related to p(t) by W (t) = A exp(−
∫

p(t)dt).

4. (a) Find the general solution of the differential equation

mẍ = −kx . (1)

(b) Find the solution of (1) with the initial conditions x(0) = −U , ẋ(0) = V , where
U > 0 and V > 0.

Write your solution in the form

x(t) = A cos(ωt− φ).

Find A, ω and φ in terms of U and V . Sketch x(t) and ẋ(t).

(c) Find a particular solution of the differential equation

ẍ + x = cos x .

5. The set of equations

x′
1 = αx1 + 3x2

x′
2 = −3x1 ,

can be written as one equation by defining x =

(
x1

x2

)
. Then

x′ =

(
α 3
−3 0

)
x . (2)

The eigenvalues of the 2× 2 matrix in (2) satisfy λ2 − αλ + 9 = 0.

(a) What type of fixed point is the origin (stable node, unstable node, saddle, centre,
stable spiral or unstable spiral) if α = 5?

(b) What type of fixed point is the origin if α = 10?

(c) Sketch the trajectory for α = 0 with the initial condition x1 = 1, x2 = 0.

(d) Sketch the trajectory for α = 10 with the initial condition x1 = 1, x2 = 0.

What is the value of
x2

x1
as t→∞?
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