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Physical constants

Atomic Mass Unit My = 1.660 x 10727 kg
Boltzmann constant k=1.380x10"2 JK!
Planck constant h=6.626x1073%Js
Speed of light c=2.998 x 108 ms?!
Proton charge e=1.602x 107 C
Bohr magneton pp =9.274%x 10724 g1

The following information may be helpful:

(1) Ynim (%) is the wave function of the electron of a hydrogen atom having principal
quantum number n, orbital angular momentum quantum number [ and orbital
angular momentum component quantum number m.

(ii) The energy of the ground state of a hydrogen-like atom of charge Ze is

AT

Fo=—
87’(’600,0

while the corresponding eigenfunction is
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with

CLO:47T

where ag is the Bohr radius, m. the electron mass and ¢y the permittivity of a
vacuum.

(iii) The following integral may be assumed:
" : m
/ sin(Mz) sin(Nz)dz = §6MN,
0

M and N being integers.
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SECTION A — Answer SIX parts of this section

Show that the operators

d
=2, p=—th—
p dx

satisfy the canonical commutation relations

when acting on a wavefunction, 1(z).
[7 marks]

Define the reflection operator P in terms of its action on a wavefunction.
Show that P is a hermitian operator.
[7 marks]

Show by explicit evaluation that the matrices

1. (0 1 1, (0 —i 1. (1 0
"1_2h(1 0)’ 02_2h<z’ o)’ "3_2h<0 —1>

satisfy the commutation relations of angular momentum
[il,EQ} = ihLs.

State how the wave function of the electron of a hydrogen atom ,;,,(x) may

be extended to take account of spin.
[7 marks]

Define the exchange-operator Pys in terms of its action on a two-particle wave-
function ¥ (xq, z2).
What effect does it have if the particles are identical bosons or fermions?

How is this property related to the statistics of a collection of bosons?
[7 marks]
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The energies E(n) of the 3s'np!, 2P states of atomic Na may be written

By =~ — .
(n—6?)
where the Rydberg constant R = 1.097373 x 107 m~! and the quantum defect
5 = 0.88.
Explain the significance of the quantum defect and calculate the ionisation en-
ergy in em~! of the n = 50 Rydberg state.

[7 marks]

A line corresponding to a 3Dy —2 Py transition is observed in a calcium emission
spectrum. The Ca discharge is then exposed to a strong magnetic field. Draw
an energy level diagram showing the effect. of the field on the energies of the 3Dy
and 3P, states and mark on your diagram all possible transitions.

How many lines can be resolved in the Zeeman spectrum for this transition?

[7 marks]

The angular momentum L of a body is given by the expression
L=+I1(l+1)h,

where [ =0,1,2,3,....
Use this to show that the rotational energy Frq¢ of a diatomic molecule can be
written

Egrot = J(J+1)B,

where B is the rotational constant.
[7 marks]

Sketch the form of the two LCAQO molecular orbitals that can be formed by
combining two 1s atomic orbitals to form the molecular orbitals of Hs.
Explain in terms of the expected energies of these orbitals why the 1a§ ground
state of molecular hydrogen is stable but the 10&10& excited state is not.
Explain whether you expect any higher excited states of molecular hydrogen to
be stable.

[7 marks]
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SECTION B — Answer TWO questions

2) Consider a system having Hamiltonian
IT=HO+ U

where HO has orthonormal non-degenerate eigenfunctions ) (x),i = 1,2,...
with corresponding eigenvalues E.

Show that the first-order perturbation of the energy of the ¢’th state is /\Ei(l)
where

EW = / h o (2)Ui(z)dz.
[12 marks]

A hydrogen atom is exposed to a constant magnetic field B derived from the
vector potential

1
A:§BXX,

where x is the position vector.
Show that the interaction between the electron of the atom and the magnetic

field may be expressed as
e ~

U=-—B-1L,

2me,

where m, is the mass of the electron and I is its orbital angular momentum.
[6 marks]
Assuming that non-degenerate perturbation theory may be applied and ignoring
the effect of electron-spin, determine the first-order perturbations of the ground
and first excited states of the electron.
[12 marks]
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3) Given that the energy, Fy of the ground state of a system with Hamiltonian H,
satisfies the inequality

_ Lo v @) Hyp(e)de
TS @) de

0

where 9 (z) is any normalisable wavefunction. Describe how it may be used to

estimate Fy.
[4 marks]

Derive the Ritz determinental condition on the upper bound for the energy of a
system by supposing that the wave function of the ground state may be approxi-
mated by the sum of two trial wave functions.

[12 marks]

A particle of mass m at position z in one dimension is subject to the potential

V(z)=0 0<z<m

= 0 r<0 or x> a.

Write down the Hamiltonian and, by taking a trial wave function that is a linear
combination of ‘
¢1(z) = sin(x)

¢2(z) = sin(2z)

use the Ritz formulation of the variational inequality to obtain an approximation
to the energy of the ground state.
[14 marks]

4) Write down in full the electronic configuration of the ground state of 33Ca and
deduce the term symbol for this configuration.
In a Ca discharge 4s electrons can be excited to the 3d, 4p or 5s levels. Deduce
terms symbols for all possible excited states corresponding to these excited con-
figurations. Deduce which of these states can undergo allowed transitions to the
ground state.
[12 marks]
LS coupling in a state results in an energy shift £ where £ = AL - S.
Use this to show that the energy separation between two adjacent components
of an LS multiplet is proportional to the higher J value.
[10 marks]
How would you expect the LLS coupling to be apparent in the emission spectrum
of Ca?
[8 marks]
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5) Show that the frequencies Upg in cm~1 of lines in the fundamental vibration
rotation spectrum of a diatomic molecule are given by

VpRr = g + (Bl —{—Bo)m—{— (Bl — B()) m2

where m = +1,£2, 43, ..., and By and B; are the rotational constants for the
v =0 and v = 1 vibrational states.

[15 marks]
The energies of the vibrational levels of a diatomic harmonic oscillator with
respect to the lowest point in the anharmonic potential may be approximated

by
2
1 1
Eu = <V+ 5) Ve — <V+ 5) VoZo.

For MC10, p, = 2169.74 cm~! and z, = 0.0061 cm~!. Show how this informa-
tion may be used to calculate the force constant for the CO bond and to deduce

an approximate value for D, the dissociation energy.
[15 marks]
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