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1.1)

1.2)

1.3)

1.4)
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Planck constant h = 6.63 x 1073* Js
Boltzmann constant £ = 1.38 x 10723 JK~!
Mass of electron m, = 9.10 x 107 3kg
leV = 1.60 x 10719
Stefan-Boltzmann constant ¢ = 5.67 x 1078 Jm—2s71K—*

SECTION A — Answer SIX parts of this section

A gystem can exist in a certain number of states, the set of which forms the state
space () of the system. For each state w belonging to €2 there is a probability
p(w) that the system is in state w. Define the entropy of the system in terms
of the set of probabilities p(w). If the system has N states and each state is
equally likely, what then is the entropy?

[7 marks]

A certain system can contain a variable number of particles and the only macro-
scopic observable is the mean number of particles N. The system can exist in a
number of states such that there are g(n) states with exactly n particles. The
principle of maximum entropy assigns at equilibrium, the probability

p(n) = exp(—nn)/Z

to each state of the system with exactly n particles, where n is an undetermined
multiplier and Z is the partition function. Write down an expression for Z and

thence deduce the relation between N and ~Z.
[7 marks]

For the system as defined in question 1.2, write down an appropriate expression
for the fundamental equation of thermodynamics, and hence relate the undeter-

mined multiplier n to the chemical potential p.
[7 marks]

A system consists of two indistinguishable dice. What are the total number of
allowed states of the system using Bose-Einstein statistics, Fermi-Dirac statistics

and Maxwell-Boltzmann statistics?
[7 marks]
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1.5)

1.6)

1.7)

1.8)
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The partition function of an ideal gas of fermions is

== H (1 + ze_w‘(“’)) )

w

where z is the activity, S is an undetermined multiplier and A(w) is the energy
of state w. Sketch the graph of the number of particles per energy state, n(\),
of a degenerate Fermi gas as a function of the energy A. Describe qualitatively
how this explains the small contribution of the valence electrons to the heat
capacity of metals.

[7 marks]

The quantum-mechanical energy eigenvalues for a simple harmonic oscillator of
frequency v are non-degenerate and equal to (n + 1/2)hv, where n=0,1,2,....
Derive an expression for the partition function of the system and hence calculate
the mean energy.

[7 marks]

The grand partition function = for an ideal gas of indistinguishable particles of
mass m can be written in the form

om \¥? oo
In= =20V <—2> / In(1 + oze ) t1/2dt,
Bh 0

where V' is the volume, 8 = 1/kT, z is the activity and ¢ = —1 for bosons and
+1 for fermions. Show that in both cases the pressure P is related to the energy

density E/V by
_2E

P=_—.
3V

[7 marks]

What are the main assumptions on which the Debye theory of the heat capacities
of solids is based?
[7 marks]
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SECTION B — Answer TWO questions

2) A solid contains N lattice sites most of which are occupied by one chemical
species but a variable number n are occupied by a defect species. Each defect
species can exist in two electronic energy states with energies €; and e;. Show
that the partition function of the system is given by

N
7 = [1 + z(e7Pa + e_[%?)]

?

where 2 is the activity of the defect species and 8 = 1/kT.

[10 marks]
Calculate the mean number of defects N and show that
FE . Ae
— = ¢ -
N LT eBAe 117
where F is the mean energy and Ae = e5 — €.
[10 marks]

Show that the heat capacity Cy of the system can be written in the form

Cv _ (_B8c \* sa
Nk ePhe 1] )

[10 marks]
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The behaviour of the valence electrons in a metal can be modelled, reasonably
successfully, as that of an ideal gas of fermions. The grand partition function =
for an ideal Fermi gas of particles with two internal degrees of freedom can be
written in the form

o9me \ 2 [
In=Z =4nV < ;) / In(1 + ze t)t'/2dt
Bh 0

where 8 = 1/kT, z is the activity, and V is the volume. Show that, when the
gas is highly degenerate, the pressure of the electron gas is

where the Fermi energy Az is given by
3N \*? [ B2
A=\ — .
&tV 2me

Thence derive an expression for the compressibility of a metal due to that of
the electron gas.

[20 marks]

[10 marks]
[Note: when 2z > 1

1,(2) :/OOO (’Zei_ttsdt% (In )+ ]

1+ ze™t) s+1

Graphite has a layered structure in which the coupling of the motion of the
atoms between layers is weak, especially at low temperatures. The thermal
behaviour of graphite can therefore be considered as due to the motion of the
atoms in a collection of layers within each of which the phonon spectrum is
equal to Avdr, where v is the frequency of a normal mode of oscillation and A
is a constant. Adapt Debye theory to show that the partition function of the
system is given by

InZ = —A/ h (Bhv/2 +In(1 — e ")) vdv,
0

where 8 = 1/kT, and relate A to the constant v,,.
[15 marks]

Thence show that at low temperatures the heat capacity due to each layer is
proportional to N,T?, where N, is the number of atoms in each layer, and find
the constant of proportionality in terms of the Debye temperature ©p.

[15 marks]

[You are given that

ot _

o 42
/ t7dt A 2.404. ]
0 1
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5) Deduce that the condition for equilibrium at constant temperature and pressure
of the reaction
> A =0,
T

where A; is the symbol of species 7 and v; is the stochiometric coefficient, is
vy __
H o=
i

where z; is the activity of species 1.
[8 marks]

The electrons evaporated from a heated metal filament can be treated as a
perfect gas in equilibrium with the electrons in the metal. The electrons in
the gas are at a higher potential energy y with respect to those in the metal.
Assuming that the chemical potential of the electrons in the metal is equal to
the fermi energy, Ar, show that the number N, of electrons in the gas is

21me\ ™ _gan)
W=y () e,

where 8 = 1/kT.
[14 marks]

If the difference (x — Ap) = 4eV and the system is heated to a temperature of
2500 K, show that the pressure of the free electron gas is about 0.12 Pa.
[8 marks]
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