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The following information defines terms used in this examination
and may be of use.

e In a general curvilinear coordinate system (g1, g2, g3) the unit base vectors e;

(i =1,2,3) are given by
o Lo
" hi \9qi )’

are the corresponding scale factors.

where h; = ’g—;

e The cylindrical coordinates (r, 0, z) are defined by the transformation equations
xr=rcosf, y=rsinf, z=z.

The Laplacian of a function ¥ in these coordinates is
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e The spherical coordinates (r, 6, ¢) are defined by the transformation equations:
x=rsinfcos¢, y=rsinfsing, z=rcosf

and the Laplacian of a function ¥ in these coordinates is
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e Functions ¢, (x) = sinnz and ¢, (x) = cos nz satisfy the following identities:

27
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where n =1,2,3, ....
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SECTION A — Answer SIX parts of this section

1.1) A system of curvilinear coordinates («, 3,7) is given by the following relations:
a=z+y, f=x—-y, v=2

Express the unit base vectors e,, eg and e, of this system in terms of the unit
base vectors i, j and k of the Cartesian system, and check if the new coordinate
system is orthogonal.

[7 marks]
1.2) Using the integral representation of the Dirac delta function,
§(z) = /_Oo e2miveqy,
evaluate the following double integral:
/_OO H(x—1) {e‘x + /_OO e_x2+2”i$ydy] dx,
where H(x) is the Heaviside unit step function.
[7 marks]
1.3) Calculate the Fourier transform (FT) of the function
ft)=te @t o >0
[7 marks]
1.4) Specify and classify the singular points of the differential equation
(x2—4)@+(x+2)%+(1’—2)y:0
dx? dz
[7 marks]
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1.5) Show that the wave equation

1 0?0
2 —_——
Vi = v2 Ot?

in a spherically symmetrical case can be rewritten as follows:

200 02U 1 920
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where ¥ = W(r,t), v is a constant and r is the distance from the centre of
symmetry. Using the method of separation of variables, obtain two ordinary
differential equations for two functions, one which depends only on r and the

other only on t.
[7 marks|

1.6) Give the definition of the Laplace transform (LT) F(s) = L[f(t)] of a function
f(t). Hence, calculate the LT of the function

f(t) = Sinh(()ét) = (eat _ e—ozt)

N —

(you may assume that Re(s — «) > 0).
[7 marks|
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SECTION B — Answer TWO questions

Consider the following differential equation
4x2@—2x(aj+2)%+(m+3) =0
dxz? dz y=

Find and classify all singular points of this equation.
[2 marks]

Using the generalised series expansion for the solution (the Frobenius method)
around the x = 0 point,

y(a:) — Zanxn—l—s,
n=0

show that the two solutions of the corresponding indicial equation for s can be

3

chosen as s; = % and sy = 5, while the recurrence relation for the coefficients

1s:
1

1= ——————a,, n=0,1,2,...
fnt1 2(n+s)—|—1a "

[13 marks]

Considering the coefficient ag as arbitary, derive the four first terms of two
independent series solutions of the equation, y; (x) and ys(x).

[10 marks]
Why is it sufficient to keep only z'/? as y; () and ignore the rest of the series?
[Hint: compare the rest of the series with ya(x).]
[3 marks|
Hence, state the general solution of the equation.
[2 marks|
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Consider a thin circular plate of radius a. One semicircular boundary of it is
held at a constant temperature of 100°, while the other is kept at 0°.

Explain why the heat transport equation

2
A
v u? ot

can in this case be rewritten as

19T N 0°T N 1 0T
r or or?2  r? 962

=0,

where T' = T'(r,0) depends on the distance r from the centre of the plate and
the polar angle 6.
[4 marks]

Write down the appropriate boundary conditions for this problem. What should
we require the solution to be at the centre of the plate?
[2 marks|

Using the method of separation of variables, show that the functions R(r) and
©(0) of an elementary solution R(r)O(f) for T'(r, #) satisfy the following ordinary
differential equations (ODE’s):

d?e ,d?R dR
W—f—k@:O and r W—FT’E—]?R:O,
where k is the corresponding separation constant.
[4 marks]

Show that the only choice for the constant k£ that ensures 27 periodicity of the
function ©(6) is k = n?, where n = 0,1,2,.... Hence, find a general solution of
the ODE for ©(6).

[4 marks]

Obtain two independent solutions of the ODE for R(r) using a trial solution
R(r) o< r*. Explain why only one solution can be used for this problem. Hence,
show that a general solution of the heat equation for the plate is

T(r,6) = Z [A,, cos(nB) + By, sin(nh)] r"
n=0

[4 marks]

Finally, using the boundary conditions at the rim of the plate, r = a, derive
expressions for the unknown coefficients A4,, and B,,. [Hint: use integration over
the whole range 0 < 6 < 27 and consider the case of the coefficients Ay and By
separately.|

[12 marks]

6 SEE NEXT PAGE



CP /2260

4)

a) Calculate the Laplace transform (LT) L[f(t)] of the function f(¢) = €!* and

show that
«Q

52 4+ a2

L[cos(at)] = ——

7o and L [sin(at)] =

[2 marks|

b) Prove the convolution theorem:

e[/ - alr)dr| = LA fo0)

[Hint: write the left-hand side as a double integral using the definition of the
LT, and then change the order of integration.]
[8 marks|

¢) Use the convolution theorem and the fact that £[1] = 1 to show that

s

(112

L1 [m} =1 — cos(at)

Show that the same result can also be obtained by calculating the LT of f(t) =
1 — cos(at) directly.

[7 marks|
d) Prove the following identity:
df(t
£ | V0] =serrol- 0
[Hint: use the definition of the LT and integration by parts.]
[3 marks|

e) Using the above results, apply the LT method to solve the following system of
first order differential equations

dz dy
& oy—0, ¥ _92,=2
a Tw=0 g =

subject to the initial conditions z(0) = y(0) = 0.
[10 marks]
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