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Values of Constants

Boltzmann’s constant kB = 1.38 × 10−23 J K−1

Acceleration due to gravity g = 9.81m s−2

Absolute zero of temperature 0 K = −273◦ C
Planck’s constant h = 6.63 × 10−34 J s
Electron mass me = 9.11 × 10−31 kg
Speed of light c = 3.00 × 108 m s−1
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SECTION A (Compulsory)

1. (i) In a quasistaic adiabatic process in a monatomic ideal gasPV 5/3 = constant[DO

NOT PROVE]. A monatomic ideal gas initially has a pressure ofP0 and a volume of
V0. It undergoes a quasistatic adiabatic compression to half its initial volume. Show
that the work done on the gas is

W = 3

2
P0V0

(
22/3 − 1

)
.

[3 marks]

(ii) Ice of density 920kg m−3 is 90% submerged when floating in seawater. Calculate
the minimum volume of ice which would just support a 30kg penguin (i.e., keep the
penguin’s feet out of the water).

[3 marks]

(iii) A steel cube has sides of length 0.1m. Its temperature is raised by 20K. Calculate:

(a) the increase in the length of each side, and

(b) the increase in the volume of the cube.

The linear expansion coefficient of steel is 1.2 × 10−5K−1.
[3 marks]

[TOTAL 9 marks]
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2. (i) Show thatψ(x, t) = 0.3 sin(532t−6.98x+0.713) is a solution of the wave equation:

∂2ψ

∂x2
= 1

v2

∂2ψ

∂t2

All quantities are in SI units. What is the phase velocityv of the wave? [3 marks]

(ii) The variation of the displacementx with time t of a mechanical oscillator in the
lightly damped regime is given by:

x(t) = 7.3 exp(−0.84t) cos(ω′t)

where:

ω′ =
√(

76.3 − r2

4m2

)

r is the mechanical resistance andm the mass. All quantities are in SI units. Sketch
the variation of the displacement with time. Letm = 5kg. What is the restoring
force spring constants? How does the total energyTE(t) of the oscillator vary with
time? What value ofr is required to make the oscillator critically damped?

[3 marks]

(iii) Ripples on the surface of a bath filled with water have a phase velocity given by:

v =
√
σk

ρ

whereσ is the surface tension andρ is the density of water. Is the dispersion normal
or anomalous? Calculate the ratio between the phase velocityv and the group
velocityvg of the ripples. Ifσ = 0.073Nm−1 andρ = 103kgm−3, how long would
it take ripples ofλ = 0.01m to travel the length of a 1.5m long bath?

[3 marks]

[TOTAL 9 marks]
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3. (i) A coherent beam of light of wavevectork passes through two narrow parallel slits
separated by a distanced. Theamplitude of the light emerging at angleθ is propor-
tional to

1 + eikd sinθ .

Show that theintensity of the light emerging at angleθ is proportional to 1+
cos(kd sinθ). [3 marks]

(ii) A photon of wavelenth 500nm Compton scatters from a stationary electron. Given
that the scattering angle is 50◦ and that the Compton scattering formula is

λf − λi = h

mc
(1 − cosθ) ,

evaluate the energy (in eV) transferred to the electron. [3 marks]

(iii) An electron microscope cannot resolve objects smaller than the de Broglie wave-
length of the electrons (in practice the resolution is much worse than this). Using
the relativistic relationship,

(K +mc2)2 = m2c4 + p2c2 ,

between the kinetic energyK, rest massm, and momentump of the electrons,
estimate the best possible resolution of an electron microscope operating with an
electron kinetic energy of 300keV.

[3 marks]

[TOTAL 9 marks]
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SECTION B

4. (i) The probability that a molecule in a gas has a speed betweenv andv + dv is given
by the Maxwell-Boltzmann speed distribution:

f (v)dv = Av2e−αv2
dv

whereα = m/2kBT , m is the mass of one molecule andA is a constant. Sketch a
graph off (v), indicatingvmp, the most probable speed. Show that

vmp =
(

2kBT

m

)1/2

.

[5 marks]

(ii) Using the following standard integral (which you may assume without proof)∫ +∞

0
x2e−αx2

dx = 1

4

( π

α3

)1/2

show that

A = 4π

(
m

2πkBT

)3/2

.

[5 marks]

(iii) Using the following standard integral (which you may assume without proof)∫ ∞

0
x4e−αx2

dx = 3

8

( π

α5

)1/2

show that the average kinetic energy of translational motion, per molecule is
3

2
kBT .

[5 marks]

(iv) Explain, briefly and qualitatively, why the expression derived in the previous part
cannot be used to calculate the average energy of a diatomic molecule.

[3 marks]

[TOTAL 18 marks]
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5. (i) The various phases of a substance can be shown on aPV diagram. For the restricted
range of pressures and volumes over which only the liquid and gas phases occur,
sketch aPV diagram for a typical substance, showing clearly:

(a) the liquid and gas regions,

(b) the region in which the two phases can coexist,

(c) the critical point,

(d) an isotherm corresponding toT < Tc, whereTc is the critical temperature, and

(e) an isotherm forT > Tc. [8 marks]

(ii) The gas and liquid phases are often modelled using the van der Waals equation of
state: (

P + aN2

V 2

)
(V − bN) = NkBT [DO NOT PROVE]

whereN is the number of molecules in volumeV , anda andb are constants. The
conditions at the critical point can be found in terms ofa andb by assuming that
if T is held fixed atTc (i.e., along theT = Tc isotherm) then at the critical point
dP

dV
= d2P

dV 2
= 0. Use this assumption to show that:

Vc = 3Nb and Tc = 8a

27kBb

whereVc is the volume at the critical point. [6 marks]

(iii) For NitrogenTc = 126K anda = 3.86× 10−49Jm3. Given thatb is approximately
the volume of one molecule, and assuming that the molecule is spherical, estimate
the radius of a Nitrogen molecule.

[4 marks]

[TOTAL 18 marks]
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SECTION C

6.

A child of massm plays on a swing of cable lengthL. This can be treated as a simple
pendulum moving in thex direction. Air resistance and mechanical friction produce
a mechanical resistancer. By moving the upper part of her body and her lower legs
backwards and forwards she can change her centre of mass in thex direction by a small
distanced. By doing this at angular frequencyω she produces a periodic driving force
F0 cos(ωt) where:

F0 = mg

L
d .

In the complex notation this results in an Equation of Motion:

m
d2x

dt2
= −r dx

dt
− mg

L
x + mgd

L
exp(jωt)

whereg is the acceleration due to gravity. Letg = 10ms−2, m = 20kg,L = 2.5m,
r = 10Nsm−1, d = 0.2m.

(i) What is the numerical value of the natural frequency of oscillationω0 of the swing?
[2 marks]

(ii) Show that the Equation of Motion has a steady-state solution of the form:

x = Aexp(jωt)

where:

A = −j mgd
L

exp(−jφ)
/
ωZm

whereZm, the magnitude of the mechanical impedance, is given by:

Zm =
√[
r2 +m2(ω − g

/
Lω)2

]
.

[5 marks]
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(iii) Find the real part of the solution. [2 marks]

(iv) The amplitude of the swing’s oscillation varies with driving force angular frequency
ω. The phase of the swing’s oscillation relative to the driving force also varies withω.
It can be shown that theπ/2 out-of-phase (relative to the driving force) component
of the amplitude is given by:

xout (t) = (mgd/L)

ωZm
sin(ωt) cos(φ) .

Find an expression for the instantaneous powerPout (t) supplied by the motion of
the child’s upper body and legs. Hence, show that the average power is given by:

Pav = (mgd/L)2

2Z2
m

r .

You may find the following integral useful:

T∫
0

cos2(ωt)dt = T

2
.

[4 marks]

(v) What is the maximum power atω0? What is the amplitude atω0? Is this the largest
amplitude value possible? Between what range of frequenciesf1 andf2 (in Hz) can
the child move her body to make the swing oscillate?

[5 marks]

[TOTAL 18 marks]
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7. (i) A scientist designs a simple underwater sonar system. A metal tube of lengthL,
with both ends open, is lowered into the sea from a boat. A mechanical oscillator
is used to create sound waves in the tube. By pulsing the oscillator, the tube can be
made to emit sound wave pulses of frequencyf = 2kHz. A microphone picks up
any reflected echoes from objects in the sea.

(a) Sketch the 1st, 2nd, 3rd and 4th modes (ie. harmonics) of a one-dimensional
standing wave betweenx = 0 andx = L where the boundary conditions are
such that there is anantinode atx = 0 and anantinode atx = L. [2 marks]

(b) In the tube, longitudinal sound waves travelling in the positive x-direction
ψ+(x, t) and in the negative x-directionψ−(x, t) have the general form:

ψ+(x, t) = A cos(ωt − kx + φ)

ψ−(x, t) = A cos(ωt + kx + φ)

Let the waves in the tube be reflected atx = 0 andx = L according to:

ψ+(x = 0, t) = ψ−(x = 0, t)

ψ+(x = L, t) = ψ−(x = L, t)

By combiningψ+(x, t) andψ−(x, t), show that standing sound waves in the
tube have allowed wavelengths given by:

λn = 2L
/
n

wheren = 1,2,3,4,…. [4 marks]

(c) The phase velocity of sound waves in water is given by:

v = √
B/ρ

whereB is the bulk modulus andρ is the density. IfB = 2.18× 109Pa and
ρ = 103kgm−3, what length of tubeLwould be required to give a 1st harmonic
equal tof ?

[2 marks]

36902 10



(ii) (a) A shark swims towards the boat at a velocity ofuShark = 1ms−1. The boat is
stationary in the water. A pulse from the sonar of wavelengthλ and frequency
f reaches the shark. By considering the compression of the wavelength as the
shark swims into it, show that the frequencyf ′ received by the shark is given
by:

f ′ = (v + uShark)f

v

wherev is the phase velocity of the sound waves given above by the equation
in part (i)(c). [4 marks]

(b) The pulse bounces back from the shark to the boat. What frequencyf ′′ is
detected by the scientist due to the motion of the shark? [2 marks]

(c) At a depth of 10m below surface the water suddenly becomes less salty so that
its density changes to 0.9×103kgm−3. Beyond what angle to the vertical would
the sonar no longer detect anything in this less salty water? The shark is at a
depth< 10m. The scientist receive two echoes from the shark. What is the
minimum horizontal distance the shark has to be from the boat?[2 marks]

(d) The sound wave pulse from the sonar has a total average power of 1W. Assume
that this is emitted in all directions. Let the shark be at a horizontal distance of
20m and a depth of 5m. Assume that it has an effective surface area of 1m2

perpendicular to the direction of travel of the sound wave. What intensity will
the microphone detect in the returning echo from the shark?

[2 marks]

[TOTAL 18 marks]
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SECTION D

8. (i) Sketch the apparatus used by Lenard to observe the photoelectric effect.[3 marks]

(ii) Sketch the measured current as a function of the applied voltage, indicating the
saturation currentJmax and the threshold voltage−V0 below which the current is
zero. [3 marks]

(iii) SketcheV0 as a function of the frequencyν of the incident light. Indicate the work
functionW and the threshold frequencyν0 below which no current is measured.
What is the observed value of the slope of this graph? [3 marks]

(iv) Discuss three aspects of the results of the experiment that cannot be understood using
classical physics. [3 marks]

(v) A beam of ultraviolet light of wavelengthλ = 124× 10−9 m, intensityI = 1.6 ×
10−12 Jm−2s−1, and areaA = 10−4m falls on a metal of work functionW = 5 eV.

(a) Obtain a classical estimate of the time delay before the first photoelectron ap-
pears by working out how long it takes forW Joules of energy to be accumulated
over the area of an atom of radius 10−10 m. [3 marks]

(b) In quantum physics, emission can occur as soon as the first photon strikes the
surface. Estimate the delay by calculating the average time between the arrival
of successive photons.

[3 marks]

[TOTAL 18 marks]
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9. The wave function of a particle of massm confined to the region 0< x < a is

ψ(x) =
√

30

a5
x(a − x) .

(i) Confirm thatψ(x) is normalised. [4 marks]

(ii) Evaluate〈x〉. [4 marks]

(iii) Write down the definition of the root-mean-square position uncertainty�x in terms
of 〈x2〉 and〈x〉.
Given that〈x2〉 = 2a2

7
, show that�x = a

2
√

7
.

[3 marks]

(iv) State Heisenberg’s uncertainty principle and use it to obtain a strict lower bound on
the root-mean-square momentum uncertainty�p. [3 marks]

(v) Write down the time-independent Schrödinger equation satisfied by the energy eigen-
functionsφn(x) of a particle of massm moving in a potentialV (x).

If ψ(x) is an eigenfunction with energy eigenvalueE, show that

V (x) = E − h̄2

mx(a − x)
.

[4 marks]

[TOTAL 18 marks]

End
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