Forced Damped Simple Harmonic Motion
Consider an external periodic force
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Driving (“force”) mass in our damped Simple Harmonic Motion System
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   External force oscillates at 
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                                                 x0
F(t) tries to impose its own frequency 
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on the system, but system wants to vibrate at 
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NB

Use 
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w

 for undamped frequency to avoid confusion with drag frequency.

Equation Of Motion For Forced Simple Harmonic Motion
We will use complex notation.
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i.e. F0 is real.
We use the trial solution 
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Where both A and 
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are real.

The actual displacement is
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Substituting  
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 into the equation of motion we get
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Dividing through by m, grouping A in real and imaginary terms and using 
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We know that 
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We also know that
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So
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Squaring and adding these 2 results gives:
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Dividing these 2 results gives:
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Plots Of 
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r/m is small, Q is big                                           


                                                r/m is big, Q is small
   F0 / s
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Curve peaks to 
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 and moves across to 
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    r/m is small, Q is big                                           
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r/m is big, Q is small                                           
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Interpretation 

1. 
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Mass moves in phase with F(t)

2. 
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Mass lags F(t) by 
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3. 
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Mass and F(t) are in antiphase.

Examples Of Forced Simple Harmonic Motion

Optics

If we model an atom as a spring holding the electron around the nucleus, with light as a forcing oscillator
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Light exerts a force on an electron
F(t) = eE(t) this explains optics

Vibration Isolation

If we have system on a spring, with a damping force and we don’t want it to vibrate, we want 
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LCR Circuit.

For an LCR circuit with an AC voltage i.e. 
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we want max response i.e. a radio, so we want 
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Mechanics Impedance

We have electrical impedance 
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From our studies of the LCR circuit we have seen the connection between mechanics and electronics i.e.
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Voltage is comparable with Force
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Current is comparable with Velocity

So by comparison, mechanical impedance is:


[image: image48.wmf]~

~

~

v

F

z

m

=


For forced damped mass on a spring we had:
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The final step is achieved by using the fact 
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By writing 
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and using definitions of 
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 Which is real.
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Power Supplied By A Driving Force

Instantaneous power supplied by F(t) is
P(t) = F(t)v(t) = 
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We want average power over one cycle.
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 EMBED Equation.3  [image: image59.wmf]-
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It can be shown that Pave is exactly the power required to overcome dissipation due to damping, this leads to heat.
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                                              Q small
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The width at half the max value is 
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Define “sharpness” of curve as 
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Bigger Q the sharper the peak.

Coupled Pendulums
Consider 2 (identical) pendulums contained to move in a plane, coupled by a spring.

From lab demo we identified 2 normal modes of motions.

Normal Mode 1:



                                     Simple Harmonic Motion


Normal Mode 2:


                                        Simple Harmonic Motion


The equation of motion can be evaluated:

                          L                                    L                     g acts vertically downward

                                 B          s                           A



                    xB



xA

Spring is stretched by (xa – xb)

The springs natural length is l

The restoring force is:
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The natural frequency 
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for a single pendulum is 
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Equations of motion A 
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Equations of motion B 
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Adding and dividing these equations by m gives:
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Subtracting and diving these equations by m gives:
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But the natural frequency for mass of a spring is 
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So
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If 
[image: image75.wmf]2

2

2

s

p

c

w

w

w

+

=



[image: image76.wmf])

(

)

(

2

2

2

B

A

c

B

A

x

x

dt

x

x

d

-

-

=

-

w


� EMBED Equation.3  ���
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