Vibrations

Simple Harmonic Motion (SHM)
Hooke’s Law
Simple Harmonic Motion occurs when the restoring force, F is proportional to the displacing x from equilibrium.

Such an item that exhibits SHM is an ideal spring.




                                                       x

           Equilibrium Position x = 0


               Stretched spring

Caused by force Fpull, there is also a equal and opposite 



  restoring force, F.



                           x = 0      x = x0
F = -sx

Where s is the spring constant.

[s] = Nm-1
S for a bed spring 
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S (for “electron spring” keeping an electron orbiting in a hydrogen atom)
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Differential Equation For Mass On Spring




Mass m, in equilibrium at x=0 on a frictionless surface.
                                        F          Fpull





                      x=0                   x1  
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Alternate ways of writing the force on the mass.

But Newton’s 2nd Law could be written as
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If x = x(t) displacement of mass as a function of time.

Then:
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Hence:
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The solution must be a function that when differentiated twice comes back to the same function with a constant of proportionality. 

i.e.

1. x(t) = 0

2. x(t) = Asin(
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3. x(t) = Acos(
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4. x(t) = 
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Substituting into 
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Gives
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We get the same result for a mass hanging on a spring, with solutions 2 – 4 representing Simple Harmonic Motion.

e.g.
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A 
= Amplitude of oscillation
[A]
= m

T
= Period of oscillation
[T]
= sec

We know that 
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= Angular frequency

[
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= rad s-1 = s-1
f
= Frequency of oscillations
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Hence
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Returning to our mass on a spring, we had the initial conditions that x(t=0) = x0, i.e. time started when the mass was displaced.
We know the solution is of the form
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As
x(0) = A

 
A = x0
So the full solution is 
[image: image25.wmf])

cos(

)

(

0

t

x

t

x

w

=


With 
[image: image26.wmf]T

f

m

s

p

p

w

2

2

=

=

=


General Solution Of Simple Harmonic Motion

The general solution of simple harmonic motion can cope with any initial conditions.
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Where
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    = Initial phase angle
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Example
What’s the equation of motion for a body oscillating with simple harmonic motion with the initial conditions:

1) x(0) = x0
2) v(0) = 
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Using 2
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Using 1
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So
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 as before
Using Complex Numbers

The complex function 
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 is a solution to the equation of simple harmonic motion. Where 
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 is much easier to differentiate / integrate rather than sin or cos. 

NB
Since x(t) is a real position, we must remember to take the real part of 
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at the end of calculations.



i.e.
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Derivation Of Simple Harmonic Motion In Other Systems: LC Circuit, Simple Pendulum. 

The LC Circuit is a completely different system with no mechanical forces that exhibits simple harmonic motion.
                        +     -  Capacitor C







        Inductor L

What happens when switch is closed at t=0 with a charge of Q0 across the capacitor.

Voltage across capacitor
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Voltage across inductor
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But 
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As C and L are in parallel 
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Hence 
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This is similar to 
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 but with x(t) replaced by Q(t) and 
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Therefore, by comparison 
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A Simple Pendulum
A simple pendulum undergoes simple harmonic motion when amplitude is small.

Frictionless



pivot



Rod with tension T
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is balanced by T
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 is an unbalanced force, it is the restoring force.
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For small 
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From Newton’s 2nd Law:
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The solution is 
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By comparison
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When the angle gets larger, Hooke’s Law breaks down no SHM (Handout 2)
Velocity And Acceleration In Simple Harmonic Motion
Consider simple harmonic motion given by
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      x(t)




       v(t)

                    Displacement

        x0
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                            Velocity
v(t) leads x(t) by 
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                            Acceleration
a(t) and x(t) are in antiphase, that is they are 
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 out of phase.
Potential, Kinetic And Total Energy In Simple Harmonic Motion
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The work done against the spring when moving mass from x to (x + dx) is
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The PE is the total work going from x=0 to x
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When the mass is oscillating, x is a function of time, so PE is also a function of time.
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The KE is
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But as 
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If follows that the total energy is
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                                                      Total Energy = 
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