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1. Consider a two-dimensional system in which the particle is subject to a poten-
tial of the form V(�, y) = V�(�) + Vy(y).

(i) Show that a solution to the time-independent Schrödinger Equation can
be written as �(�, y) = X(�)Y(y) and that each of X(�) and Y(y) satis-
fies the time-independent Schrödinger Equation of the one-dimensional
square well (you do not need to solve the resulting equations).

[5 marks]

The potentials V�(�) and Vy(y) are each given by one-dimensional square
wells of height W and width L� or Ly. That is,

V�(�) =
�
0 if |�| ≤ L�/2
W if |�| > L�/2

and similar for Vy(y). Consider the case where the total energy of the particle
in two dimensions is less than W. [For a one-dimensional square well, the
eigenstates are �� with energies E� when E� <W.]

(ii) Is the particle bound, unbound, or neither? Explain your reasoning.
[5 marks]

(iii) Would we expect that the energy eigenstates of this system are also
eigenstates of angular momentum? Explain your reasoning. [5 marks]

(iv) (a) In terms of the one-dimensional energy eigenvalues E�, what is the
energy of a particle in the state �(�, y) = �2(�)�3(y) when L� = Ly?

(b) Again assuming L� = Ly, if the particle has energy E� + Ej, where � and
j are integers, � �= j, labelling the one-dimensional eigenstates �� as
above, what is the most general eigenstate �(�, y)?

[10 marks]

[Total 25 marks]
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2. A particle of mass m is confined by an infinite square well of width L centered
on the origin.

(i) Show that the function

�2(�) =

�
2

L
sin(2π�/L)

is a correctly normalised solution to the time-independent Schrödinger
equation for this system. What is the corresponding energy E2 and the
full time-dependent wavefunction ψ(�, t)? [5 marks]

We change this system by adding a small perturbation, e(�), to the potential.

(ii) Write down the time-independent Schrödinger Equation for the wavefunc-
tion and energy of the perturbed system. Assuming that the perturbation
is small, and that therefore the wavefunction can be approximated by the
unperturbed solution, show that the energy is shifted by

δE = 〈e〉 =
�
�∗(�)e(�)�(�) d�

[10 marks]

The system is perturbed by a harmonic oscillator potential corresponding to a
classical angular frequency ω.

(iii) What is the perturbation e(�) for this case? Write down the total quantum
mechanical Hamiltonian in terms of the position and momentum opera-
tors �̂ and p̂, and show that it can be written in the form

Ĥ = �ω(
mω

2�
�̂2 +

1

2mω�
p̂2) − L/2 < � < +L/2 .

[7 marks]
(iv) If the unperturbed particle was in the state �2(�), given above, show that

the perturbation to the energy, δE2, is proportional to �ωα2L2 and work
out the constant of proportionality. [8 marks]

(v) What are the requirements on the physical properties of the system we
require so that our use of perturbation theory is valid? [5 marks]

[Total 35 marks]

You may find one or more of the following integrals useful:
� +π/2

−π/2
�2 sin2(�) d� =

π

24

�
π2 + 6
�

� +π

−π
�2 sin2(�) d� =

π

6

�
2π2 − 3
�

� +2π

−2π
�2 sin2(�) d� =

8π3

3
− π
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3. A particle with spin 1/2 is in a state

ψ =
�
cosθ
sinθ

�

where θ is an arbitrary (real) angle.

(i) Show that this is a normalized state. Is it the most general possible spin
state? Why or why not? (Hint: this ψ has only real entries.) [5 marks]

The three-dimensional angular momentum operators L̂� have the commuta-
tion relation �

L̂�, L̂y
�
= ��L̂z .

The spin operators Ŝ� are given below.

(ii) What is the commutator
�
Ŝy, Ŝ�
�
(note the order of the subscripts)?

[5 marks]
(iii) The spin of a particle is measured (using a Stern-Gerlach apparatus, say)

and found to be in the
�
1
0

�
eigenstate of Ŝz.

(a) What is the value of the spin observable, Sz?
(b) What are the probabilities of it subsequently being found in each of

the eigenstates of Ŝ�?
[10 marks]

One general form for the Heisenberg uncertainty principle is given by

�Q2 �R2 ≥
�
�

2
[Q̂, R̂]
�2

where �Q2 gives the variance of the distribution of the observable Q.

(iv) (a) Write down the expression for the variance �Q2 in terms of the expec-
tation of Q and Q2.

(b) Calculate �S2� and �S2y in the state ψ above, and hence show that

�S2��S
2
y =
�
�2

4

�2
cos2 2θ .

[10 marks]
(v) Can we find θ for our state ψ such that it is a minimum-uncertainty state

(i.e., gives an equality in the uncertainty relation) with respect to Q = S�
and R = Sy? If so, do so. [10 marks]
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[Total 40 marks]

The spin operators are Ŝ� = �σ�/2, where the Pauli spin matrices are:

σ� =
�
0 1
1 0

�
, σy =
�
0 −�
� 0

�
, σz =
�
1 0
0 −1
�
.

You may use the following facts: the Pauli matrices satisfy σ2� = � (the 2 × 2

identity matrix); the eigenvectors of Ŝz are
�
1
0

�
and
�
0
1

�
; the eigenvectors of

Ŝ� are
1�
2

�
1
1

�
and 1�

2

�
1
−1
�
.
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