Mathematical Techniques I1: Algebra (Physics Year 1 Term 1) PL11a 19/11/2007

Problems to Lecture 11: Answers

1. We use the definition of a matrix products given on Fact Sheet 7 and notice that when

A isan mx p matrix and B isan pxn matrix, then AB isan mxn matrix.

@ (1 2)@:1-5+2-6:17, (b) (3 4)@:3-5+4-6:39,

of LGl 20
5+4-6) (39 6 61 6-2) (6 12
8

@@ -3 5 -7)| |=1.8-3.6+5-4-7-2=-4,

8 81 8:(-3) 85 8:(-7) 8 -24 40 -56
6 6-1 6:(-3) 6:5 6-(-7 6 -18 30 -42
%l = 5 )= =3) C_ .
4 4.1 4-(-3) 4.5 4-(-7) 4 -12 20 -28
2 2-1 2-(-3) 2:5 2-(-7) 2 -6 10 -14
2. The 2x2 matrix that represent a rotation in R? about the origin by some angle &, is
cos@ —sind
givenby R, =| . , Where we define the positive rotation direction of
sing cosé

rotation as anti-clockwise (and hence the negative direction of rotation as clockwise).

(@)

+45°

cos45® —sin45’
J2

sin45’  cos45’

{1/\/5 1/\/§J_ 1 (1 —1]_
142 142 1 1)

cos90° —sin90° 0 -1
R+90°: . = '
sin90°  cos90° 1 0
2 1(1 -1)(1 -1} 1(0 -2} (0 -1
(b) R+45°:R+45°R+45°:§[1 11 117212 o/ l1 o =R g0

Rt (O )0 (L 0) o e (0 10 1) (-1 0]
+90° — 1 0 1 0 - 0 -1 41807 -90° — -1 0)l=1 0 - 0 -1 o180

s = R COrrespond to axes inversion: both the x- and y-axis change direction.



(a) Since the rotation is clockwise, the angle is negative. Hence, we find

-4/5 3/5) 5

cos(—sin‘1(4/5)) —sin(—sin‘1(4/5)) (3/5 4/5] 1(3 4j

40~ - 4 3

sin(—sin‘l(4/5)) cos(—sin‘1(4/5))

and we notice that the numerical value of 8 = sin*1(4/5) =0.927 rad =53.13".

. : . . . . . 1 -
(b) We find the matrix associated with 45° anti-clockwise rotation:R .. = i( ] :

J2l1 1

Therefore, the matrix representing a clockwise rotation of 8 = sin*1(4/5) followed by

an anti-clockwise rotation of 45° is

f R R L(LNY(3 4 1(7 1
net = Twas T "5 ol 1 )4 3) 5201 7

This represents a net clockwise rotation of 8.13°, thatis, R ...

3 4)\(1 - 7 1
(c) We find R—\9\R 45 1 _ 1 , Which is the same as
5 g fol-4 3)\1 1) s52(-1 7

the result in 3(b). In general, matrix products of rotation matrices are commutative due

to the nature of the operation.

(d) The inverse of the matrix R, =R __ .. must be the reverse rotation (indeed,

. 1 (7 -1 i .
R'=R ) thatis, R =R = . To confirm this, note that
0 —9) net +8.13 5\/5 (1 7 j

R pi_ 1l 7 1 7—1_10&R_lR C1(7 -1)(7 1) (10
nettnet “ggl-1 7)1 7 ) o 1 nettnet "l 7)1 7) (o 1

(@) All elements above the leading diagonal are zero. Therefore, the determinant is the

4 0 00O
. 6 -1 0 0

product of the diagonal elements: det A = c 4 3 o 4.(-1)-3-2=-24.
3 2 12

(b) We expand the determinant of the matrix B by the 4™ column:

4 0 1 |4 0 1
detB=2/6 -1 0/=2/6 -1 0=2‘1‘_67 j=2~(24—7)=34.
5 4 3 |-7 4 0
) ) )

Expanded by 4th column. Adding (-3) x row1 to row3. Expanded by 3rd column.
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