Triple Integrals
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Examples of use:

· Mass density calculations

· Charge density calculations

· Velocity of flow calculations

NB
· Once V is defined value of the integral is unique.

· Integration can be carried out in any order of x, y, z.

· 
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1D integration
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1D limits gives a 2D area.

2D integration
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2D limits gives a 3D volume.

3D integration
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3D limits gives a 4D hyper volume.

See handout for worked examples of triple integrals.

Cylindrical Polar Coordinates
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If this point was extended in the x,y,z plane
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And r, 
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Then 
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If we made these extensions vectors:


[image: image11.wmf]~

~

~

~

~

~

~

~

cos

sin

sin

cos

sin

cos

k

dz

dz

z

r

r

d

j

d

r

i

d

r

d

r

r

d

j

dr

i

dr

dr

r

r

r

d

k

z

j

r

i

r

r

z

r

=

¶

¶

=

+

-

=

¶

¶

=

+

=

¶

¶

=

+

+

=

j

j

j

j

j

j

j

j

j

j

j



[image: image12.wmf]z

r

d

, 
[image: image13.wmf]r

r

d

 and 
[image: image14.wmf]j

r

d

are mutually orthogonal, i.e.
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Hence:


[image: image16.wmf]z

r

r

d

r

d

r

d

dV

j

=


For non-orthogonal vectors:
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e.g. How to set up limits to evaluate triple integrals.
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e.g. Evaluate the integrate of the cylinder over f(x,y,z) = z
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e.g. Find the volume

                          z

                        
                         1


                1                            1
     x                                                y 

       z
       1
                    z = 1 - r

                           1
e.g. A dome




V can be evaluated by using 
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Spherical Polar Coordinates 
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Calculating dV
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Hence the 3 are mutually orthogonal.
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i.e. independent of 
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i.e. independent of 
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e.g.
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Knowing that 
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Surface Integrals:

Integrating a function over a surface:

N.B.

1. After specifying function and surface value of integral is unique.

2. Integration can be done in any order

3. Of f(x,y,z) = 1, Value of integral is area of S.

           z

                       S
                                          y

                                            x
Spherical Polar Coordinates
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As surface of sphere is at constant r, R.
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Spherical Polar 

= 
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Spherical Polar Surface
= 
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r was a variable now R is constant, no dr now.

e.g. Surface of sphere of radius R
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e.g. Area of surface element on sphere.
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e.g. Find the surface of S, where 
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Surface integral for cylindrical polar coordinates can be worked out similarly:
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f(x,y,z)=1
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