First-Year Mathematics
Problem Set 1 January 7, 2005

1. Calculate the derivatives of the following functions from first principles :

2. Consider the composite function f(g(x)), where f and g are differentiable functions.
To determine the derivative of f(g(z)) with respect to x, begin with the definition

afl9) _ . [flole+A0) — f(g(a)

dex ~ Az—0 Ax

Multiply and divide this expression by g(z + Az) — g(x) and define the quantity Ag =
g(x + Azx) — g(x). The continuity of ¢ implies that Ag — 0 as Az — 0. Hence, obtain

the “chain rule”:
dflg) _ df dg 0
dx dg dz

3. All of the usual rules associated with ordinary differentiation also apply to partial
differentiation. Thus, use the chain rule to calculate the partial derivatives of each of
the following expressions with respect to the indicated variables.

(a) Va2 +y?

(b) (a2 + 92+ 2%

(©) In(ay)
(@) e

Ans: With 0,, 9y, and 0. signifying partial derivatives with respect to z, y, and z, respectively,
(a) 0r = 93(3732 +y?) 72 0y = y(a® + 7)Y
(b) 8, = —w(a? + 12 + 22)73/2, 0, = —y(a? + 12 + 22)"3/2, 0, = —z(a® + 2 + 22) ¥/
(c) 3z =1/z, 9y =1/y;
(d) 0, =y~ te*/¥, 9, = —xy 2e®/V.



4. For small arguments Ax, trigonometric arguments can be used to show that the sine
and cosine functions approach the limits

cos(Az) — 1 and sin(Az) — Ax.

Use these expressions in the definition of the derivative, together with the formulas for
the sines and cosines of the sum of two angles, to show that

d(sin ) — cost and d(cos )
dx dz

= —sinzx.

5. Use the Fundamental Theorem of Calculus to show that reversing the upper and lower
limits of integration changes the sign of an integral:

/abf(a:)dx:—/baf(x)da:.

6. Use the Fundamental Theorem of Calculus to deduce that

[ eras] = )

and
[ yas] = s,

More generally, show that

T styas] = st - G stata)

7. We showed in Classwork 1 that
b
/ cos’zdr = $(b—a) + (sinbcosb —sinacosa).

Use this integral and the Fundamental Theorem of Calculus to deduce that the prim-
itive function (or anti-derivative) of cos?z is

%x—l— %Sinxcosx+0,

where C' is a constant. Verify this result by direct differentiation.



