The Eigenvalue Problem
Eigenvalue And Eigenvectors
Consider a linear function, 
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Definition
If there exists an 
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is an Eigenvector for the linear function f (on matrix 
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) and 
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is the associated eigenvalue.
Eigenvectors are very special since they (x) are mapped onto a numerical multiple of themselves (
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Example:   
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We observe that
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as
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is an eigenvector with eigenvalue 
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Theorem:
If x is an eigenvector for f (on matrix 
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, with eigenvalue 
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is also an eigenvector for f with same eigenvalue 
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Proof:
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Example:
We repeat the above for 
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How can we determine the eigenvalues?
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Where
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 us an n x n matrix, 
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Also,
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Where 
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is the n x n identity matrix
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By linearity
The homogenous equation above has non-trivial solutions 
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This equation is called the characteristic equation or the secular equation, for the linear function f (on matrix 
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Theorem:
To find the eingenvalues 
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of a linear function f: 
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Where 
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 is the associated n x n matrix, 
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Example:
f: 
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Which is
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How can we determine the eigenvectors?

We simply solve the homogenous equation 
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 with respect to x
Example, we insert 
[image: image46.wmf]1

l

into the homogenous equation

[image: image47.wmf]1

1

1

1

1

1

0

0

0

1

1

1

1

x

y

y

x

y

x

-

=

Þ

=

-

-

Þ

÷

÷

ø

ö

ç

ç

è

æ

=

÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

-

-

-

-


So 
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is an eigenvector with eigenvalue 
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We then insert 
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into the homogenous equation


[image: image51.wmf]þ

ý

ü

î

í

ì

=

+

-

=

-

Þ

÷

÷

ø

ö

ç

ç

è

æ

=

÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

-

-

-

-

0

0

0

0

1

1

1

1

2

2

2

2

1

1

y

x

y

x

y

x


So 
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is an eigenvector with eigenvalue 
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For each eigenvector we find the associated eigenvector by solving the homogenous equation 
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Let 
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Rearranging gives:
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The matrix 
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 is the matrix of eigenvectors as column 1 is x1 and column 2 is x2
The matrix 
[image: image65.wmf]÷

÷

ø

ö

ç

ç

è

æ

2

1

0

0

l

l

 is a diagonal matrix with the eigenvalue in the main diagonal

If 
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Then the above is 
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 is said to diagonalise 
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To digonalise a matrix
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, find the eigenvalues and the associated eigenvectors. Construct the matrix of eigenvectors 
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Interpretation Of 
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For simplicity, let’s consider R2
Let’s suppose
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Where x1, x2 are eigenvectors with eigenvalues 
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Given any vector 
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Theorem
Let f: 
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and we want to show that x1 . x2 = 0

We have
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It follows that 
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Corollary If 
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Where  
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Also, the matrix of eigenvectors 
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And 
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So indeed 
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Example

Statistical Mechanics

Consider a system at volume V and temperature T. The probability of finding the

system in a microstate 
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 is given by the Boltzmann distribution.
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Partition Function 
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Is basic to solve system, and from it we can find all the information.

In Issing model (related to magnetic behaviour) in 1D
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There exists a matrix 
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