1st Year — Maths Techniques 11 (Algebra) CW5: 26/11/2004

Classwork 5
Discover the Orthogonal Matrix

A unit vector is often called a normalised vector. Two general vectors that are perpendicular to
each other are said to be “orthogonal”, and two unit vectors that are perpendicular to each other
are often said to be “orthonormal”. This classwork, which consists of many short parts, leads
you on, in gentle steps, to the definition of an orthogonal matrix. Although the questions relate
to two-dimensional vectors and 2x2 matrices, the results are general.
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Show that two two-dimensional vectors u:[uXJand V:[vxj are orthonormal if
y y

u? +u§ :vf+v§ =1 and u,v, +u,v, =0. Satisfy yourself that these conditions can be

expressed in the matrix form v'v=u'u=1and viu=u"v=0.

3 A
Find the unit vector in the direction of a:( 4], and find two other vectors b that are

orthonormal to a.

Consider the 2x2 matrix made up of the two orthonormal vectors from part (a) namely

Uy Vy
of this kind is known as an orthogonal matrix.

u, Vv
M :( X X]. Show that MTM = U where U is the unit (or identity) matrix. A matrix

We will now discover some more properties of orthogonal matrices. Consider two vectors

d
p:(gxland q :LSX] related by q=Np where N =(C fj' If the magnitudes of p
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and g are the same, what conditions are imposed on the elements of N?

If g =Np, which of the following is correct: (i) q" =N'p" or (i) ' =p'N'?

Consider two vectors p and g which are transformed by the matrix N into q and h so that
g = Npand h = Ng respectively. If the transformation does not change the scalar product
(i.e. g.p = h.q or in matrix form g'p =h'q), show that NTN = U in other words that N is
orthogonal. The situation in part (d) is the special case where g = p and h = q.

cos@ sind

Is the rotation matrix )
—sin@ cosé@

J orthogonal?

Put 4 and each of the two b vectors from part (b) in turn together to form two orthogonal
matrices L, and L, like M in part (c). If the transformation represents a rotation, find the

angle. If not, try to figure out what the operation does represent.

Transform the vector s =( - J using each orthogonal matrix from part (h) in turn. Check

that the new vectors t; =L;sand t, =L,s have the same magnitude as s. Find the angle
between s and each new vector, and draw all three vectors on a diagram.



