Homogenous Equations, Triple Products, Linear Independence

Matrix Inversion
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The transformation leading to a rotation by angle 
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 around the origin in R2 is:
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Definition:
Let 
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be a square n x n matrix. If there exists a square matrix (n x n) 
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such that 
[image: image10.wmf]I

AB

BA

=

=

then 
[image: image11.wmf]A

 is invertible and 
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is the inverse of 
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e.g.   
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Given that 
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does there exist another matrix 
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Theorem:
A matrix 
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has at most one inverse.

Proof:
Assume there are 2 matrices 
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 and 
[image: image22.wmf]C

such that 
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Examples of transpose:
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Dot-product as matrix product:
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Definition:
Let 
[image: image31.wmf]A

 be an n x n matrix. Then the matrix 
[image: image32.wmf]C

with elements 


Cij = (-1)i+j det 
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A

 is the matrix of cofactors.

Note:
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Theorem:
Let 
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become an n x n matrix. If 
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Where 
[image: image39.wmf]C

is the matrix of cofactors. 

e.g.

If 
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 is invertible if
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Example
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is invertible and
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Definition:
If 
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or 
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is a non-square matrix, 
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 is called a singular matrix.

Consider a system of n equations with n unknowns:
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If 
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is invertible. Then the solution is 
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Definition:
The equation 
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is the homogenous equation associated with 
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Properties Of Transpose Of Matrix

1
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Square matrices only
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Square matrices only

Proof of 2a
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 is an m x p matrix
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 is an p x n matrix
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Properties Of An Inverse Matrix

Let 
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 be an n x m matrix

If 
[image: image77.wmf]A

A

®

¹

0

det

is inverse-able


[image: image78.wmf]A

A

adj

C

A

A

t

det

det

1

1

=

=

-



Where 
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C

 is the adjacent matrix
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Square matrices only
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Square matrices only

Proof of 2a
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So indeed 
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QED

Proof of 4
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Triple Scalar Product

c . (a x b) = 
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c . (a x b) = 
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     Projection of c onto a x b, which is eight of parallelepiped
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Theorem
Let a1, a2, … an be vectors in Rn


Then 
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a11x1 + a12x2 + a13x3 = 0
Coefficients of normal vector n1

a21x1 + a22x2 + a23x3 = 0
Coefficients of normal vector n2

a31x1 + a32x2 + a33x3 = 0
Coefficients of normal vector n3

Homogenous equation 
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[image: image96.wmf]0

det

¹

A



[image: image97.wmf]0

)

.(

)

,

,

det(

det

3

2

1

3

2

1

33

23

12

32

22

12

31

21

11

33

32

31

23

22

21

12

12

11

=

=

=

=

=

xn

n

n

n

n

n

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

A



[image: image98.wmf]Û


n2 is parallel to n3 or n1 is perpendicular to n2 x n3

If n1 is in the plane of n2 and n3 
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n1, n2, n3 are coplanar 
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there exists numbers c2, c3 
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Definition
A set of vectors x1, x2, … xn is linear dependant if there exists numbers c1, c2, … cn not all equal to 0 such that:


c1x1 + c2x2 + … + cnxn = 0 


The set of vectors x1, x2, … xn is linearly independent if


c1x1 + c2x2 + … + cnxn = 0 
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Consider R2

                                                                             x1

                    x1                                                                                         x2

                         x2

                                                                                    x3


No way of adding multiples

It is possible to add multiples of x1, x2

of x1 and x2 to return to the

x3 to return to the origin.

origin.

Linearly Independent


Linearly Dependent
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Where aj is the jth column vector in the matrix of coefficient 
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If 
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 has only the trivial solution x1 = x2 = xn = 0 if the column vector a1, a2, …, an are linearly independent. 

If 
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 has the nontrivial solution when x1,  x2, … xn are not all equal to zero, if the column vector a1, a2, …, an are linearly dependent. 

Triple Vector Product

See fact sheet 4

e.g.
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As 

a x (b x c) = b(a . c) – c(a . b)
We calculate

a . c = 6
a . b = -4
So

a x (b x c) = 6b + 4c =
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Note a (b x c) does not equal (a x b) x c
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