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(a) The function f(z) is defined as
f(z) = cosh(z + 2?).

(i) Write f(z) as the sum of an even function and an odd function.
(i)  Find the first three non-zero terms in the series expansion of f(x) about z = 0.

(iii)  Find the derivative of f(x) from first principles.
(b)  Sketch the curve defined by the relation
y2 = 1’3(1 - x3)7

carefully indicating any important features on your sketch.

Define
f(z) = tanh ().
(a) Find an expression for f(z) in terms of the logarithm function.
(b) Hence, or otherwise, show that the n-th derivative of f(x), for n > 1, is given by

d'f  (n—1)! (=1 1
den 2 <(1—|—m)"+(1—m)”> '

(c) Find the complete Taylor series of f(z) about z = 0.
(d) Let the function F'(x) be defined by
0= [ fa

By using integration by parts to find F'(z) explicitly, show that
33/4

(a) Find the general solution of the equation

(b)  Find the general solution of the equation

x4y @_1
r—y)de

(c) Find the general solution of the equation

dy
— =secx secy.
dx
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(a) Define what it means for a real number to be irrational.

(b) Prove that v/2 is irrational.

(c) Deduce that if a, b, ¢, d are integers such that a+bv/2 = c+d+/2, then a = cand b = d.
(d)

If o and 3 are rational, and  and § are real, then does a + 3v2 = v + 6v/2 imply
a = and = 4. (Proof or counterexample required.)

(e) Foreachn € N, the integers a,, and b, are defined by the formula (1++/2)" = a,, +b,v/2.
Prove by induction that a,, is odd for all n, and that b,, is even if and only if n is even.

5. (a) Define the modulus |z| of a complex number 2.

(b) Draw a clear sketch of each of the following sets of complex numbers
A={z: |z|=|z+2i|}and B={z : |z + 1 :\/g}

(c) Prove that if w € AN B then w® = —64.
(d) By taking real parts in Moivre's Theorem, find a formula for cos46 in terms of cos 6.

(e) Use your formula from (d) to find a quartic (i.e. degree 4) equation with real coefficients
that has cos(7/12) as a root.

MCIMF Analytical Methods and Analysis (2006) Page 3 of 3



