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1. Let Ω be a bounded open set in Rn. Consider the following differential operator in Ω

L = Δ+
n∑

j=1

bj (x)
∂

∂xj
,

where bj (x) are bounded functions in Ω and Δ =
n∑

j=1

∂2

(∂xj)2
is the Laplace operator.

(a) Prove that if u ∈ C2 (Ω) ∩ C
(
Ω
)
and Lu > 0 in Ω then

sup
Ω
u = sup

∂Ω
u. (1)

(b) Show that there exists a function v ∈ C2 (Rn) such that Lv > 0 in Ω.

(c) Prove that (1) holds also for any function u ∈ C2 (Ω) ∩ C
(
Ω
)
such that Lu ≥ 0 in Ω.

(d) Prove that, for any function f on Ω and any function g on ∂Ω, there is at most one

function u ∈ C2 (Ω) ∩ C
(
Ω
)
solving the boundary value problem

{
Lu = f in Ω,

u = g on ∂Ω.

2. Let Sn be the unit sphere in Rn+1 and p = (0, 0, . . . ,−1) be the south pole of the sphere.
The stereographic projection is the mapping P from Sn \ {p} to the subspace

Rn =
{
x ∈ Rn+1 : xn+1 = 0

}
,

which is defined as follows: if x ∈ Sn \ {p} then Px is the point of the intersection of Rn

with the straight line through p and x.

(a) Prove that Px =
x′

xn+1 + 1
for any x = (x1, . . . , xn+1) ∈ Sn \ {p}, where x′ =

(x1, . . . , xn). Show that P is a bijection of Sn \ {p} onto Rn.

(b) Consider the Cartesian coordinates y1, . . . , yn in Rn as local coordinates on Sn \ {p}
using the pullback by the stereographic projection. Prove that the canonical spherical

metric gSn has in these coordinates the form

gSn =
4

(
1 + |y|2

)2gRn ,

where |y|2 =
∑
(yi)

2
and gRn = (dy

1)
2
+ . . .+(dyn)2 is the canonical Euclidean metric

in Rn.

(c) Prove that the Laplace operator ΔS2 on S2 has in the coordinates y1, y2 the form

ΔS2 =

(
1 + |y|2

)2

4

(
∂2

(∂y1)2
+

∂2

(∂y2)2

)

.
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3. Let M be a Riemannian manifold and μ be the Riemannian measure.

(a) Give the definition of the function spaces W 1,W 1
0 ,W

2
0 on M .

(b) Give the definition of the Dirichlet Laplace operator H onM as an operator in L2 (M,μ).

(c) Give a detailed proof of the fact that, for any α > 0, the resolvent Rα := (H + αid)
−1

exists and is a bounded non-negative definite self-adjoint operator in L2 (M,μ). Show

also that ‖Rα‖ ≤ α−1.

4. LetM be a Riemannian manifold and H be the Dirichlet Laplace operator in L2 = L2 (M,μ),

where μ is the Riemannian measure on M . Let Φ (λ) be a continuous real-valued function on

[0,+∞) of subexponential growth; the latter means that, for any ε > 0,

sup
λ∈[0,∞)

∣
∣Φ (λ) e−ελ

∣
∣ <∞. (2)

(a) Prove that, for any t > 0, the operator

Qt = Φ(H) e
−tH

is a bounded self-adjoint operator in L2. State clearly all the results used.

(b) A path v (t) : (0,+∞) → L2 is said to satisfy the heat equation if, for any t > 0,

v (t) ∈ domH, the Fréchet derivative
dv

dt
exists, and

dv

dt
= −Hv. (3)

Prove that, for any f ∈ L2, the path v (t) = Qtf satisfies the heat equation.

(c) Set u (t) =
dv

dt
where v (t) is as above. Prove that u (t) also satisfies the heat equation.

5. Let M be a Riemannian manifold, H be the Dirichlet Laplace operator in L2 = L2 (M,μ)

(where μ is the Riemannian measure), and Pt = e
−tH (t ≥ 0) be the heat semigroup.

(a) State without proof the main properties of the heat semigroup.

(b) Let ψ be a C∞-function on R such that ψ (0) = ψ′ (0) = 0 and 0 ≤ ψ′′ (s) ≤ 1 for all
s. Let f be an arbitrary function from L2. Set ut = Ptf and prove that the following

function

F (t) :=

∫

M

ψ (ut) dμ (4)

is continuous in t ∈ [0,+∞). State clearly any result used.

(c) Prove that the function F (t) is differentiable for all t > 0 and that

F ′ (t) =

∫

M

ψ′ (ut)
dut

dt
dμ. (5)

Hence, show that F ′ (t) ≤ 0.

(d) Choosing a suitable function ψ in (4) and using the fact that the function F (t) is

decreasing, prove that f ≤ 1 implies ut ≤ 1, for any t > 0.
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