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1. State the Riemann-Lebesgue lemma.

~

(i) Suppose that u, f € L'(R") satisfy (1 — A)u = f. Prove that @(0) = f(0) and hence
Jon u(@)dz =[5, f(z)dz.
(i) Let u, f € L*(R") satisfy (1 — A)u = f. Suppose that f satisfies

~ C

£ < Aty for all £ € R".

Prove that u is a bounded continuous function on R™.

(iii) Suppose that u € L'(R™) satisfies (1 — A)u = §, where ¢ is the standard d-distribution
defined by §(¢) = ¢(0), for all ¢ € S(R™). Prove that [, u(z)dz = 1.

2. Give definitions of the Schwartz space S(R") and of the space S’(R™) of tempered
distributions.

(i) Show that LP(R") C S'(R") for all 1 < p < co. Show that if fi, — f in LP(R"), then
fo — fin S'(R™).
(i) Let ¢,9 € S(R™). Prove that

[ Sy = | GO0

(In this part you may use the Fourier inversion formula without justification, if necessary.)

(iii) Let u € L*(R™). Prove that w € L*(R") and that ||u||p2@n) = |[]]L2(rn).-
(In this part you may assume properties of L?(R™) without proof.)

3. Forx € R, let us define x(z) = 0 for x < —1, x(z) = —1 for —1 <z <0, x(z) = 1 for
0<z<1, and x(z) =0for 1 <.

(i) Prove that (&) = 7%15(1 — cos(27€)).

(i) For a € R, define d,(¢) = ¢(a), for all ¢ € S(R™). Prove that §,(z) = e~2m
(iii) Prove that x’' = —d; + 259 — d_1.
(iv) Prove that /(&) = 2 — 2 cos(2n€).
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4.  Give the definition of the symbol class S™ and of a pseudo-differential operator with symbol
aeS™.

Let T, € ™,
(i) Prove that 7, maps S(R") to S(R™). In other words, show that if f € S(R"), then
T.f € S(R™).
(ii) Derive the formula for the adjoint operator 7.

(iii) Assume that a = a(z,£) € S° is compactly supported with respect to x. Prove that
T, : L>(R™) — L*(R") is continuous.

5. Foru € C(R") give the definition of the support of u.

Let A be a linear differential operator

Af(x) = ) aa(z)0s f(x)

laf<m

with coefficients a, € C*°(R"),

al <m.

(i) Prove that supp Af C supp f, for all f € C*(R").
(ii) Let T be an operator defined by
Tf(x)= | K(z,y)f(y)dy,
R
with K € C3°(R" x R™),

Prove that T' defines a (sequentially) continuous operator from S(R™) to S(R") and
from S'(R™) to S'(R™).

(iii) For operators T from (ii) with K # 0, show that we can never have the property
supp T'f C supp f for all f € C>*(R").
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