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13 (i) Prove that the Fourier transform maps S(R") to S(R*) and §'(R") to &' (R™) continuously.

Let u € C(R™) satisfy |u(z)| < C{z)" for some constants C, N, where (as usual) (z) =
(1 + |z[?)"/2. Let k> N +n. Let us define

u(@) = f ; f e tu(z) () (De) $(€)dzde,
where ¢ € S(R™).

(i) Prove that v € S'(R").

(iii) Prove that there is v € S'(R") such that v = vy, for all k > N + n. Show that v = @.

2 (i) State Holder's inequality and prove it. You may use Young's inequality without proof here.
Let n € C°(R™) be such that n(z) = 0 for |z| > 1 and [p.n(z)dz =1. Lete> 0 and define

ne(z) = e™n(z/e). Let 1<p<ooand f € LL_(R™) N LP(R"). Define fe = f *ne.
(ii) Prove that f. € C=(R").

(iii) Prove that ||fe||ze < |[f|z»-

(iv) Suppose further that f € C(R™) and that f is compactly supported. Prove that f. — f
as € — 0, uniformly on compact sets.

3. (i) Give the definition of the Sobolev space H*(R") for s € R.

(ii) Let u € H*(R") with some s > n/2. Prove that @ € L'(R™).

(iii) Let s > n/2. Using (ii), prove that there is a constant C > 0 such that we have

sup |u(z)| < Cllullre@m
zER™

for all u € C°(K) for all compact sets K C R™.

(iv) Prove that (), H (R") = C* (R™).
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4. Let
Au(z) = f ) f ne%(“_y)"fa(x, y, &)ul(y)dyde (1)

be an operator with a compound symbol a € Sm(R™ x R™ x R™).

(i) Viewing A as a pseudo-differential operator, write down the asymptotic expansion for its
symbol 0 4(z, &) in terms of the compound symbol a. Define what this asymptotic expansion
means.

(i) Prove that if u is smooth in some neighborhood of a point z € R”, then Au is also smooth
in some neighborhood of the same point z.

(iii) Let Bu(z) = [g. K(z,y)u(y)dy be an operator from CP(R™) to C=(R™) with kernel
K(z,y) € S(R™ x R"). Show that B is an operator with compound symbol and it can be
written in the form (1) with some a € S~°(R" x R™ X R™).

5. Let p(z,€) = Xjajgm e (2)E%, aq € C®(R™), and let p(z, D) be the differential operator with
symbol p(z,§).

(i) Prove that

bz, D)(f()a(a)) = Y -6 @ D) @D (z)]

for all f,g € S(R™), where p®(z, D) is a differential operator with symbol p®)(z, &) =
Fp(z,&)-

(i) Explain how to deduce the composition formula for differential operators from (i).

(iii) Let p(z,D) € ¥™ be now a general pseudo-differential operator of order m. Let
f € L*(R") and g € S(R™). Prove that

e, D)(F@o(@) ~ Y (e D)f@)]IDg(a)] € H'R).

|| <m
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