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1. (a) Define what it means to say that “F = F (S) is a free group on the set S”.

(b) Define the rank of a finitely generated free group, and prove that it is well-defined.

(c) Describe three subgroups of index 3 in F2 = F ({a, b}), and give a basis for each.

(There are more than three such subgroups, but you do not need to find them all.

However, you must show that no pair of your examples are the same by giving elements

that are in one subgroup but not in the other.)

[Hint: Consider covering-spaces of the graph with one vertex and two edges.]

2. (a) Define what it means to say that 〈a1, . . . , an | r1, . . . , rm〉 is an abstract presentation of
the group Γ.

(b) Prove that the group 〈x, y | x−1yxy−2, y−1xyx−2〉 is trivial.

(c) Make the group D := 〈a, b | a2, b2〉 act by isometries on R, with a and b acting as
reflections in distinct points.

[You should give a formula for the action and prove that it is well-defined.]

(d) Deduce that ab generates an infinite subgroup of D.

(e) Prove that ab = (ba)−1 in D.

(f) Prove that every element in D is equal to a unique word of the form (ab)nai with n ∈ Z
and i ∈ {0, 1}.
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3. (a) Define the free product A ∗B of groups A and B.

(b) Define the Cayley graph CS(G) of a group G with finite generating set S.

(c) Sketch the Cayley graph of G = 〈a, b | a2, b3〉 with S = {a, b}.

There is a normal form theorem (often called Britton’s Lemma) that says certain words

in the generators A∪{t} are not equal to 1 in G∗θ. In what follows you may use (without
proof) the following consequence of Britton’s Lemma:

The subgroup of

B = 〈a, t | ta3t−1a−4〉

generated by c := [tat−1, a] and t is a free subgroup of rank 2.

(d) Prove that the homomorphism φ : B → B defined by φ(a) = a3, φ(t) = t is surjective

but has c in its kernel.

(e) Prove that if Q is finite then for any homomorphism π : B → Q one has π(c) = 1.

[Hint: Choose cn ∈ B with φn(cn) = c. Let ψn := π ◦φn. By considering ψm(cn), argue
that if π(c) 6= 1 then all of the maps ψn would be distinct.]

(f) Deduce that the amalgamated free product

B ∗F2 B̂ = 〈a, t, â, t̂ | ta
3t−1a−4, t̂ â3 t̂ −1â−4, c−1t̂, t−1ĉ 〉

has no non-trivial finite quotients.

(Here, the F2 in the amalgamation is generated by c, t on the side B, and these generators

are identified with t̂, ĉ (order reversed) on the B̂ side.)

[Hint: Note that 〈a, t | ta3t−1a−4, t〉 = {1}, so if t lies in the kernel of any
homomorphism from B, then a does too.]
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4. (a) Let N and Q be groups and let Φ : Q → Aut(N) be a homomorphism (i.e., an action
of Q on N). Describe the associated semi-direct product N oΦ Q.

(b) Let H = 〈x, y, z | xyx−1y−1 = z, [x, z] = [y, z] = 1〉.

Explain why every element of H can be written in the form znymxp with n,m, p ∈ Z.

(c) Let G be the group of 3× 3 integer matrices of the form




1 ∗ ∗
0 1 ∗
0 0 1



 .

You may assume that G is generated by elementary matrices. (Recall that an elementary

matrix Eij has a 1 in each diagonal place and zeros everywhere else except for a 1 in the

ij-place.)

Prove that H is isomorphic to G.

[Hint: Send x, y, z to E12, E23, E33 respectively; check that this is a homomorphism;

use part (b) to see that it is injective.]

(d) Let φ be the automorphism of Z2 = 〈Y, Z | [Y, Z]〉 defined by φ(Y ) = Y Z, φ(Z) = Z.

Let P = Z2 oΦ Z, where Φ sends the generator of Z to φ.

Prove that H ∼= P .

5. (a) Define the terms “simply connected” and “contractible”.

(b) State the Seifert-van Kampen Theorem. (You do not need to define pushouts.)

(c) Prove that if n ≥ 2 then π1Sn is trivial.

(d) Define the connected sum of two connected, n-dimensional topological manifolds, and

describe (without proof) its fundamental group in the case n ≥ 3.

(e) Sketch a compact, 2-dimensional complex K with fundamental group

〈a, b, c | aba−1b−1〉.

Also sketch the covering space corresponding to the index-2 subgroup

〈a, b, c2, cac−1, cbc−1〉.
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