




2. (a) Consider the N spin, one dimensional Ising model in zero field

E = −J
N∑

i=1

sisi+1

with periodic boundary conditions s1 = sN+1.

Use the transfer matrix method to show that in the limit N → ∞, the free energy
per site is

f = −kBT ln 2 cosh βJ

(b) For the N spin, Ising model with free boundary conditions

E = −J
N−1∑

i=1

sisi+1

derive the recurrence relation for the partition function ZN

ZN+1 = ZN2 coshβJ

Hence show that in the limit N → ∞, the free -energy per site is the same as the
result for the periodic Ising model shown above

3. (a) For a general Ising model

E = −J
∑

<ij>

sisj −H
∑
si

derive the susceptibility relation

kBT
∂m

∂H
=
∑

i

G(0, i)

Where G(i, j) is the spin-spin correlation function.

(b) Near the critical temperature the correlation function shows scaling behaviour

G(r) = r−(d−2+η)Λ± (rtν ;Ht−Δ)

where t ≡ |Tc − T |/Tc, r is the distance between the spins and ± refers to T > Tc
and T < Tc. Show how this scaling leads to the critical exponent relation

γ = (2− η)ν
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4. (a) Prove that ∫

R3
Q(f, f)(lnf)(~ξ)dξ ≤ 0

where equality holds if f(~ξ) = Ae
~b∙~ξ+c~ξ2 for some A,~b, c constants. You may use that

∫

R3
Q(f, f)ϕ(~ξ)d~ξ =

∫

R

∫

R3

∫ 2π

0

∫ π/2

0

(f ′f ′1−ff1)(ϕ+ϕ1−ϕ
′ = ϕ′1)B(θ, V )dθdεd

~ξ1d~ξ

whenever the integral makes sense and that

(x− y)ln y
x
≤ 0 for all x, y > 0.

(b) Write down the definition of a collisional invariant in R2

Then show that the function

g(ξ) = ξx~ξ
2, ~ξ = (ξx, ξy) ∈ R

2

is not a collisional invariant.

5. Show that the principal momentum PM : (ρ, ρ~v, ρ(2ε) + ~v
2) of a Maxwellian distribution

fM(~ξ) = ae
−b(~ξ−~λ)2 , ~ξ ∈ R3

uniquely determines the constants a, b and ~λ.
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