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1.  Consider the problem of homogenization for

o (2)

- ox + ox2’

u(x,0) = up(z), xR,

(z,t) € R x RT,

where b(y) = —‘fi—‘;(y), V(y) is 1-periodic, u;,(z) is a smooth function and D is constant.

(a) Write down the homogenized equation, the formula for the effective diffusion coefficient

and the cell problem.

(b) Solve the cell problem to show that the effective diffusion coefficient is given by the

formula
D

D= :
( [t e-v/p dy> ( [ ev/p dy>

(c) Calculate D for the case
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2. Consider the problem of homogenization for

9 z\ Ou
_Za—x<au(z)a—%) :f, fOI’LI?GQ,
igj=1 """

u(z) =0, for z € 09,

where {a;;(y)}{,_, is smooth, 1-periodic and f is smooth.

(a) Write down the homogenized equation, the cell problem and the formulae for the
homogenized coefficients.

(b) Consider the case where d = 2 and
a;j(y) = a(y)d;;, 1-periodic, 4,5 =1,2,

where §;; stands for Kronecker's delta. Show that the cell problem and the formula for
the homogenized coefficients become

2
=1

k
<a(y) Ox > = aa(y)’ x"(y) is 1-periodic, k = 1,2

0
Oy 0y; Oy

and

_ ox? o
i :/ (a(y)5ij +a(y) é(fy)) dy, i,j=1,2.
Y Yi

(c) Assume that a(y) is of the form

a(y) = a1(y1)az(y2),

where both a;(y;), i = 1,2 are strictly positive, smooth, 1-periodic functions. Solve the
two components of the cell problem by looking for solutions of the form x* = x*(yx), k =
1,2. Show that the homogenized coefficients are

_ fol az(y2) dya Ty fol a1(y1) dy
Jo ar ()~ dy;” S (az(ye))~ dys

aiq

and 61]:0,17&]
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3. (a) Define

3z ¢ for 0<z <3,
u(z)
1—z% for%ﬁa:gl.
Show that the weak derivative of u(x) is
du 6x : for 0<z< %,
dr -2z : for %<m§l.

(b) Calculate ||ul|2(0,1) and H%HLQ(O,I)' Show that u(z) € H(0,1).
(c) Let f(z) € C3°(0,1). Use the identity

1y ,
/0 %(f(x) z) dz =0

to prove that f(z) satisfies Poincaré inequality.

4.

Let O C R? be a bounded domain with smooth boundary and consider the boundary value

problem
o’ ou
_128_5’51( ( )a%>+b< )'VUG:JC, T €,

u=0, ze€df,
where D > 0 is a constant, {a;;(y)}¢

¢i=1, b(y) are smooth, 1-periodic and f(z) is smooth.
Use the method of multiple scales to homogenize the above PDE. In particular

(a) Show that the homogenized equation is

together with the boundary condition v = 0 on 0f2.

(b) Show that the formulas for the homogenized coefficients b {a}f,_, are given by

d k
b; /Y (bj(y) +;bk(y)%(y)> dy, j=1,....d,
- . S 0() i
) / ( Zj(y)—i_kz; zk(y)ayk(y)> d ) »J 17 7d

(c) Show that the cell problem is

- Z 9 < > Z aaam X(y) is 1-periodic, k =1,....d.
Yi Yi
7,7=1
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5. In class we studied the problem of homogenization for the advection—diffusion equation

ou(z,t) 1 sz . ¢ - d +
SR b a (L) ut(at) - DA (e ) =0, (2, 1) € R x RY,

u(z,0) = up () € R

where a(y) is a 1-periodic, divergence—free vector field with zero average, [, a(y)dy = 0.
We obtained the homogenized equation

ou d 0%u
E N Z]ZZI ]Cij Bxlaasj ’

together with u(z,0) = u;,(x). The effective diffusivity is given by

1

—/Y (a:(w)x’ (v) + a;(Y)X'(v) dy, i, =1,....4d,

K:ij = D(SZ] — 5

where Y = [0,1]¢ and x?(y), j = 1,...,d solves the cell problem

—DAY (y) +a(y)e Vi (y) = —a;(y), j=1,....,d,

with periodic boundary conditions and
/Xj(y)dyzo,j: 1,....d.
Y

(a) Show that the solution of the cell problem is unique.

(b) Show that the effective diffusivity is given by the formula
ICij =D ((5” +/ Vyxl(y).vyxj(y) dy) s Z,j = 1, C. ,d.
Y

(c) Show that the effective diffusivity is positive definite.
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