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1.  For the singular perturbation problem
e +(@+1)y'+y* =0 (0<e<1), y(0)=0, y(1)=1,

seek an outer expansion
y(x) = yo(z) + ey () + - - .

(i) Give a brief argument to determine the location of the inner layer and the boundary
condition to be satisfied by yo, and hence determine the leading-order solution yo(z).

Seek an inner expansion
y(@) = Yo(X) + eV (X) + -,

where X is an appropriate inner variable that you need to identify, and find the leading-
order solution Yj.

(i) Use the leading-order outer and inner solutions to construct a composite solution Cyoy
based on the additive rule.

Sketch the outer, inner and composite solutions, and indicate the respective regions in
which these solutions are validity.

(iii) Suppose that the interval is changed to —1 < x < 1 so that the boundary condition
becomes y(—1) = 0. Determine the appropriate inner variable and the order-of-
magnitude of the inner solution. (You are not required to solve the inner problem.)
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2. Consider the unsteady boundary-layer equations
Up+VWw =0, U+UU,+VUy = ugs + uotioz + Uyy, (1)
for U(z,Y) and V(z,Y), where ug(z,t) is the inviscid slip velocity.

(i) Show that if

U(z,Y,t) = U(x, Y+f($=t))7

V(z,Y,t) = v(x, Y + f(x,t)) . fw(x,t)U<a:, Y+f(:c,t)) ~ i, b),

U and V also satisfy the same boundary-layer equations.

Explain how the above relations could be used to solve the boundary-layer flow along
a curved surface Y = —f(x,t), on which the boundary conditions, U = 0 and
V = —fi(x,t), have to be satisfied.

(i) Let x =u2 — U?, and ¢ be the stream function such that
U= ¢Y7 V= _¢x .
Show that the steady version of boundary-layer equations (??) can be written as

2 P
gty [
Ox o2 0 (U(%_X)l/2

Comment on the nature of the boundary-layer equations, and the implication if U < 0
for some ).
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3. A wall jet over a flat plate is subjected to a weak steady suction through a slot at a distance
L from the leading edge. In a coordinate system (z,y), where = and y are normalised by L,
the flow field is governed by the two-dimensional steady Navier-Stokes equations

Uy +v, = 0,
Uly +VUy = —DPy + %(u:px + Uyy) ,
Wy + 00y = =Py + % (Vag + Vyy) -

The slot has a width of O(D) < 1, and the suction velocity is given by
v=¢Vs(X), with X =uz/D,

where €, < 1. The suction only produces a small perturbation to the oncoming wall-jet flow
so that in the main part of the boundary layer the flow field can be written as

1
, R3 R
(u,0,p) = (Uo(z,Y), R"Vp, Py) + e(U, =V, o7 p) ,

where € < O(1) is to be determined later. The wall jet profile, Uy, has the property that

Up(z,Y)—Y as Y —0, and Up(z,Y) =0 as Y — o0,

1
with Y = R2y.
(i) Derive the governing equations for (U, V, P), and verify that they have the solution

Y
U=AX)Upy, V=-A(X)U) P=A"X) / U2dY + Po(X),
0
where A(X) and F, are arbitrary functions of X.

Explain briefly why Py must be chosen so that P — 0 as Y — oc.

(i) Explain why it is necessary to introduce a viscous sub-layer (lower deck). Deduce the
width of this layer, A, in terms of D and R.

Show that L
€~ GSRED% )

Estimate the inertia in the viscous sub-layer.

Deduce that the flow becomes interactive if
D =O(R™7).

(iii)  Show that if e, ~ R 13, the lower deck is nonlinear.
Write down the equations governing the lower deck.

State the pressure-displacement relation as well as the boundary and matching conditions.
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4.  The interaction of a (Mach) wave with a supersonic boundary-layer flow may be described by
triple deck theory, in which the lower deck is governed by the equations

ux +vy, =0, uux +vuy = —px + Uy,

with the boundary conditions w=v=0 on y =0,

and the matching condition with the main deck
u—y+AX) as y— 0.
The pressure p is related to the upper deck pressure p via
p=Dp(X,0) + P(X),

where Pr(X) is a given function representing the pressure of the incident wave. In the upper
deck, the pressure of the reflected wave, p(X,7), is governed by equation

2= 2=

2 —
(M 1)8X2 0y?

subject to the boundary conditions

% = A"(X) - (M?* - 1)Y?P)(X), on 7=0, p is finite as § — oo
Y
where M > 1 is the Mach number.

(i) Verify that
p=F(X - (M- 1))
satisfies equation (*) for an arbitrary function f, and derive the pressure-displacement

relation which relates p, A and P;.

(i) For the case where P;(X) = eel®® + c.c. with e < O(1), seek a solution of the form
(u,v,p, A) = (y,0,0,0) + E(ﬂ(y)ﬁ(y),ﬁ, /T) e+ 0(e?).

By solving the linearised system, find A, and hence show that the reflected wave may be
written as

1/2<

p(X,y) = er el dX-OP=DYE] 4 ¢

with (the reflection coefficient)

(i) (M? — 1)V2A1'(0) + o [ Ai(¢)d¢
(i0)2/3(M2 — 1)12A7(0) — a2 [ Ai(¢)d¢

r =
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The stability of a three-dimensional boundary layer is studied by introducing a three-
dimensional disturbance, and the perturbed flow field is written as

(’LL, v, w, p) = (UO(w/Ra y)? R_l%(m/Ra y)? WO(x/Rv y>7 0) + E(ﬂ, 67 7:57 @7

where z, y and z are non-dimensionalised by a reference boundary layer thickness 9, the
Reynolds number R is based on ¢, and € < 1 represents the magnitude of the perturbation.

Suppose that (u,v,w, p) satisfy the Navier-Stokes equations

Uy + vy +w, = 0,

Ul + VUy +wu, = —pg+ %(uxz + Uyy + uzz) )
Uy + VU, +wu, = —p, + %(vm + Vyy + V22)
Uw, + vwy, +ww, = —p, + %(wm + Wy, + W) .

(i) Derive the linearised equations governing the perturbation (u, v, w, p). Indicate the
terms which represent the non-parallel-flow effect.

(i) Explain what is meant by Prandtl’s parallel-flow approximation.

Suppose that this approximation is employed to seek a normal-mode solution of the form

(@ 3, @, 5) = (y), 7y), Bly),5y) ) + e
Derive the equations governing u, v, w and p, and hence show that ¥ satisfies

g 0 g i 07 N -
{(Uo + EWO) (a—y2 - Oé2> — (Uo,yy + EW()’yz) — (lOéR) ! (8_}/2 — 042) }V = 0.
(i) For @ = O(1) and 8 = O(1), what is the consistent governing equation in the limit
R > O(1)? What is the order of error caused by neglecting the non-parallel flow effect?
(iv) Under the assumptions that Uy ~ Ay, Wy ~ A3y as y — 0, and Up,, # 0 and

Woyy # 0 at y = 0, the base flow may be unstable to long-wavelength disturbances for
which

B=R3"3, a=-R3"(\/\)p.

Show that viscosity is a leading-order effect in a sublayer where y ~ O(R~Y/7).
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