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1. Let M be an arbitrary non-empty set, R be a ring of subsets of M, and i be a measure on

(a) Define what it means that R is a ring and p is a measure on R.

(b)  Prove that, for any sequence {A,}.-, C R, the conditions

Ay CAppy and A:=|JA,€R
n=1

imply
i(A) = lim u(A4,).

n—oo

(c) Let A€ R and {Ax},-, be a sequence of sets from R. Prove that

Ac|JA4 = p(A) <) u(Ay)

2. Let R be an algebra of subsets of a set M and p be a finite measure on R.

a) Define what it means that R is an algebra. Define the associated outer measure p*.

b) Prove that the outer measure p* is o-subadditive.
c) Prove that if A € R then p*(A) = p(A).

(
(
(
(d

)
)
)
) For any set A C M, define its inner measure by

o (A) = (M) — " (M \ A)

Prove that p. (A) < p* (A). Prove also that if A € R then u, (A) = u(A4).
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3. Let M be a o-algebra of subsets of a set M and p be a o-finite complete measure on M.

(a) Define what is means that M is a o-algebra and that u is complete. Define what it
means that a real-valued function f on M is measurable (with respect to M).

(b) A function f on M is called elementary if it can be represented in the form

I
f= Z arla,
k=1

where {a;}L_, is a finite sequence of reals and {A4;};_, is a sequence of disjoint
measurable subsets of M, and 14 denotes the indicator function of the set A. Prove that
any measurable function f on M can be represented as a pointwise limit of a sequence
{fa},—, of elementary functions.

(c) Let f be a non-negative measurable function on M. Prove that there exists a sequence
{fa},—, of non-negative elementary functions on M such that f, — f as n — oo

/M Fudp — /M fdy.

State clearly all the results used.

pointwise and

4. (a) State and prove the Dominated Convergence Theorem. State clearly all results used.

(b) Prove that, for any ¢ > 0,

d [~ in A\ o

S eI = — / e~ sin Ad\.
dt /, A 0

Hint: Use the Dominated Convergence Theorem and the inequality

le” = 1] < [a] e,

which is true for all real z.

(c) Using the fact that

*° 1
/ ePsin Nd\ = —— |
0 1+¢t2

/ TenSinA gy
) A

evaluate the integral
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5. Let u be a complete finite measure defined on a o-algebra M on a set M.

(a) Define the space L' (M, i) and state the theorem about the completeness of this space.
(b) For any two sets A, B € M, define the pseudodistance d(A, B) by

d(A, B) = 4 (AAB),
where AAB is the symmetric difference of the sets A, B. Prove that
d(A,B) = |14 —15], .
(c) Prove the triangle inequality: for any three sets A, B,C € M,
d(A,B) <d(A,C)+d(C,B).

(d) A sequence {A,} 7 of sets from M is called Cauchy if d (A,, Ax) — 0 as n,k — oc.
Prove that the family M is complete with respect to the pseudodistance d in the following
sense: any Cauchy sequence {A,} C M converges, that is, there is A € M such that
d(A,,A) = 0asn — oo.
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