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1. Let Zy = {0,1} be the field of order 2 and Z3 = {z := (z1,...,27,) | ©; € Zs} be an
n-dimensional vector space over Z,. For x,y € Z} define the Hamming distance d(z,y) and
the weight wt(z).

Prove the following:

(i) d(x+z,y+2)=d(z,y) and d(z,y) = wt(x +y) for all z,y, z € Z7;

(i) ifoisapermutationof {1,2,...,n}and 27 = (2,q), ..., Tew)) thend(z?,y7) = d(z,y)
for all x,y € Z3;

(iii) given 0 < 4,5,k < n and z,y € Zj with d(z,y) = k then the number pf; of z € Zj
satisfying d(z, z) = ¢, d(y, z) = j is independent of the choice of = and y.

What is meant by a code C' of length n which corrects e errors?

Define the minimal distance d(C') of C, and state a result linking d(C') and e.

2. Prove the Gilbert-Varshamov bound: if n, m and e are positive integers which satisfy

n—1 n—1
1 -1 < 2nm
+(n >+( ; )+ +(6_2)

then there exists a linear code C' of length n, dimension m, with d(C) > e.

Consider linear codes C' of length 10 which correct 2 errors.

(i) Prove that there exists such a code C with dim(C') = 2.
(ii) Is there such a code with dim(C') = 5?7 (Justify your answer.)

3. Let v >k > )\, be positive integers.
What is meant by a 2-design with parameters (v, k, A2)?

Let (X, B) be a 2-design with parameters (v, k, A2). Show that every element of X lies in the
same number \; of blocks. Show also that if b is the number of blocks then

bk=vA and A\ (k—1)=X(v—1).
When is (X, B) said to be symmetric?
Let A be a v X v matrix with all entries 0 and 1 (treated as integers) such that
JA=FkJ

AAT = (A = M) + Ao J

(where I is the identity matrix and J is the matrix with all entries 1). Prove that there exists
a symmetric 2-design with parameters (v, k, A2) having A as its incidence matrix.

Deduce from the above that in a symmetric 2-design any two distinct blocks have the same
number of elements in common.
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4. Let G be a 3-perfect linear code of length 23.
Let G, = {g € G | wit(g) = m}.
Calculate the numbers of codewords in GG,,, for m =0,1,2,3,4,5,6,7 and 8.

For g = (91,92, ---,g23) € G define the support of g as sp(g) = {i | g; = 1}.
Let X = {1,2,...,23,24} and let
B={sp(g) | g € Gs} U{sp(g) U{24} | g € G7}.

Prove that (X, B) is a 5-design with parameters (24, 8,1).

5. Explain what is meant by a strongly regular graph with parameters (v, k, a,b).

Let U be a 4-dimensional vector space over Zy. Let I' = (V, E)) be a graph such that V' is
the set of 2-dimensional subspaces in U and

E={(z,y) |z,y €V, dim(zNy) =1}

Show that I' is strongly regular and calculate the parameters of T'.
What are the eigenvalues of the adjacency matrix of I'?
You may use the following standard result.

If A is the adjacency matrix of a strongly regular graph with parameters (v, k,a,b) then A
has just 3 distinct eigenvalues k, r, s, where r and s are the roots of

2> — (a—b)x — (k—b) =0.
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